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SCREENING TEST — GAUSS CONTEST 
NMTC at PRIMARY LEVEL 
V & VI Standards 


PART — A 


1. How many glasses of 120 millilitres can you fill from a 3 
litre can of juice? 
A. 20 B. 24 C. 25 D. 60 ml is left in the can 
after filling as many glasses as possible 


Solution Since one 25, we can fill 25 glasses. Answer 
is C. 


2. The sum of 


2211 + 2213 + 2215 + 2217 + 2219 + 2221 
+ 2223 + 2225 + 2227 + 2229 
is 
A. 22200 B. 22225 C. 22250 D. 22275 
Solution There are 10 terms and if we pair the first and 
tenth, second and ninth and so on the sum of each pair 


is 4440. As there are 5 such sums and the total is 22200. 
Answer is A. 


3. If a number is first multiplied by 4/7 and then divided 
by 12/7 then it is equivalent to which of the following 
operations on the number? 

A. multiplying by 1/3 B. dividing by 1/3 
C. multiplying by 3D. dividing by 2/3 

Solution Let N be the given number. Then the answer 
after carrying out the two operations is N x 4/7 x 
1/(12/7) = N x 1/3. It is equivalent to multiplying by 
1/3. Answer is A. 
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4. X is a5 digit number. Let Y be the sum of the digits 
of X. Let Z be the sum of the digits of Y. Then the 
maximum possible value that Z can have is 
A.9 B.8 C. 10 D. 12 
Solution Maximum value for X is 99999. The maximum 
value for Y is 45 but its sum of the digits is only 9. Now 
every value less than 45 can occur as Y and hence when 
Y = 39 we get the maximum sum of the digits for Y as 
12. When X = 99993, we get Z = 12. Answer C. 


5. A square is constructed on a graph paper which has a 
square grid of lcm width. Ram paints all the squares 
which cross the two diagonals of the square and finds 
that there are 19 of them. Then the side of the square is 
A. 20 B.19 C.10 D.9 
Solution In a square of size n x n cells we will have 2n 
cells across the two diagonals if n is even, and 2n—1 cells 
across the diagonals if n is odd. 2n will be a multiple of 
4when n isevenand 2n—1 will be 2(2m+1)—1 = 4m+1 
if mn = 2m+1 odd. Hence it will be 1 more than a multiple 
of 4. So it cannot be 19. It can be 17 or 21 etc. None of 
the given answers is correct. 


6. Look at the set of numbers {2,3,5,7,8,10,12}. Four 
numbers are selected from this and made into two pairs. 
The pairs are added and the resulting two numbers are 
multiplied. The smallest such product is 
A. 72 B.60 C. 54 D. 64 
Solution Look at the smallest 4 numbers 2,3,5,7. They 
can be combines and multiplied (2+3)(5+7), (2+5)(3+ 
7),(2+ 7)(3 + 5) giving 60,70 and 72. The least such 
product is 60. Answer B. 


7. Anita wants to enter a number into each small triangular 
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cell of the triangular table. The sum of the numbers in 
any two such cells with a common side must be the same. 
She has already entered two numbers. What is the sum 
of all the numbers in the table? 

A. 19 B. 20 C. 21 Dz. 22 


Solution Since a+3=65+3, a=b and b+c=c+2. 
Hence 6 = 2. Also 6+3 = b+ c. Hence c = 3. 
Thus we get a = 6 = 2 and c = 3. Similarly we get 
a=d=g=2,e=3 and f=b=2. Sum of all the 
numbers is 21. Answer C. 


8. lf 


where A,B,C,D,E are distinct digits satisfying this 
addition, then F is 

Ac 3 B.S €.2 D.4 

Solution D is carry over. So it is 1. So the sum is 
1F1l. So A+C is 11. And 2B +1 is 11. So B is 
5. For the left most A+ C we have a carryover 1 also. 
Hence F is 2. Answer C. 
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9. A large rectangle is made up of eleven identical rectangles 


10. 


11. 


whose longer sides are 21cm long. The perimeter of the 


large rectangle in cm is 


A. 150 B. 126 C. 108 OD. 96 


Solution Let x and y be the length and breadth of the 
large rectangle and w the breadth of the small rectangle. 
So xz = 42 cm. 7w = 42 from the figure. Hence w = 6. 
The breadth of the large rectangle is 21 + 2w = 33 cm. 
Perimeter of large rectangle = 2(42 + 33) = 150 cm. 
Answer A. 


Sum of the odd numbers from 1 to 2019 both inclusive, 
is divisible by 

A. only 100 B. only 101 C. both 100 and 101 
D. neither by 100 nor by 101 

Solution 14+ 3+----+(2n-1) = n*. Number of odd 
numbers from 1 to 2019 is 1010. Hence the required sum 
— (1010)? = 1017 x 100. Answer C. 


The circumference of a circle is numerically greater than 
the area of the circle. Then the maximum length of the 
radius cannot be greater than 

A.2 B. 7/4 C. 9/5 D. 11/6 
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12. 


13. 


14. 


15. 


Solution Let r be the radius of the circle. Given that 
Qnr > mr?. Hence r < 2. Answer is A. 


A calendar for 2019 is made using 4 sheets, each sheet 
having 3 months. The total number of days shown in 
each of the four sheets (1%%, 274, 372, 4th) respectively is 

A. (90,91, 92, 92) B. (90, 92, 91, 92) 

C. (90,92,91,92) D. (90,92, 92,91) | 
Clearly, the sheets contain (90,91, 92,92) days. Answer 
A. 


Triples of odd numbers (a,b,c) with a < b < c, with 
a,b,c from 1 to 10 are generated such that a+b+c isa 
prime number. The number of such triples is 

A.5 B.6 C.7 OD. 3 

Solution a,b,c can take values from 1,3,5,7,9 only. 
The only such triples are 
((1, 3, 7), (1, 3, 9), (1,5, 7), (1, 7, 9), (3, 5, 9), (3, 7,9) and 
there are 6 triples. Answer B. 


A number leaves a remainder 2 when divided by 6. 
Then the possible remainder(s) when the same number 
is divided by 9 is 

A. {1,4,7} B. {2,5,8} CC. {5,8} D. {2,5} 
Solution The number is of the form n = 6m+2. If 
m is divisible by 3 then n leaves a remainder 2 when 
divided by 9. If m = 3k+1, then n= 18k+8. Hence n 
leaves a remainder 8 when divided by 9. If m = 3k +2, 
then n = 18k + 14. Hence n leaves a remainder 5 when 
divided by 9. Answer B. 


A box of dimension 40 x 35 x 28 units is used to keep 
smaller cuboidal boxes so that no space is left between 
the boxes. If the-box is packed with 100 such smaller 


16. 
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boxes of the same size, the dimension of the smaller box 
is A. 7x8x7 B. 8x7x7 C. 7x7x8 
D. 20x7x7 

Solution The dimensions of the smaller box must be 
divisors of the dimensions of the bigger box. We need 
to pack 4 layers of 25 smaller boxes within the bigger 
box. So 4 divides one of the dimensions. Here 28 and 40 
both are candidates. Since 25 = 5 x 5, five must divide 
two dimensions of the bigger box. The possibilities are 
40 and 35. So 4 divides 28. Hence the dimension of the 
smaller box is 40/5, 35/5, 28/4, that is 8,7,7. Answer 
B. 


PART —B 


The number of two digit numbers which are divisible by 


the sum of their digits is is 
Solution [ab] is a two digit number. Given that 10a+b 
is divisible by a+b. Hence 10a+b=k(a+ 5) for some 
k >2. Since 10a+b < 10(a+5)), it follows that k < 10. 
We discuss these cases one by one: 


(a) k=2: 8a=b, 18 is the only solution 

(b) k=3: 7a = 2b, only solution is 27 

(c) k = 4: 6a = 3b and thus 2a = b. The solutions 
are 12,24, 36, 48 

(d) k = 5: 5a = 4b. This gives 5 divides b and 4 
divides a. Only solution is 45. 

(e) k=6: 4a =5b, only solution is 54. 

(f) k = 7: 3a = 6b, giving a = 2b. Solutions are 
21, 42, 63,84. 


(g) k =8: 2a=7b, only solution is 72. 
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17. 


18. 


(h) kK =9: a= 8b, only solution is 81. 
(i) k=10: 96=0 and a can be any digit. Thus the 
solutions are 10, 20, 30,...,90 


Thus we have a total of 23 solutions. 


Given below is the triangular form of AMTI.The 
number of ways you can spell AMTI, top to bottom, 
right to left or left to right or a combination of these is 


ao 
HHEe> 
4HZ> 


A A 
A M M A 
Solution Top most A only one way. 2nd row left A, we 
have three ways. Similarly three ways for 2nd row right 
A. 3rd row left A, we have three ways. Same for right 
A. 4th row only one way for left and right A. Totally 
we have 15 ways. 


The number of odd prime numbers less than 100 which 


can be written as the sum of two squares is 
Solution If p is an odd prime = a? + b*, then one of a 
and b must be even say a. So a is even and 6b odd. 
For a= 2, we have 2? + 17 = 5,2? 4+ 3% = 13,2? 4 52 = 
29,27 +77 = 53 

For a = 4, we have 42+1? = 17, 42+52 = 41, 47+9? = 97 
For a = 6, we have 67 + 1? = 37,67 +52 = 61 

For a = 8, we have 8? + 3? = 73,87 +5? = 89. We have 
11 such primes. 


10 


19. 


20. 


21. 


22. 


23. 
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If 4921 x D= ABBBD, then B is 
Solution 4921 x 7 = 34447 and hence B= 4. 


36 children took a math talent test. For a contestant 
Anu the number of students who scored above her was 
1.5 times the number who scored below her. Her rank 


when the scores are put in decreasing order is 
Solution Above Anu : Below Anu = 3:2. Other than 
Anu there were 35 kids. Above Anu there were 21 kids. 
Rank is 22 when put in decreasing order. 


Small rectangular sheets of length 2/3 units and breadth 
3/5 units are available. These sheets are assembled and 
pasted in a big cardboard sheet, edge to edge and made 
into a square. The minimum number of such sheets 


required is 
Solution 2/3 = 10/15 and 3/5 = 9/15. Look at only 
the numerators here. i.e. we take the new unit to be 1/15 
of the original unit. The size of the rectangular pieces are 
10x9. We need to get a square by pasting them together. 
Stack 9 of these rectangles side by side horizontally, so 
that their sides of length 10 are collinear. So length is 
90 units. On the vertical side stack 10 rectangles so their 
sides of length 9 form a vertical line of length 90 units. 
We need to stack 90 rectangles to get a 90 x 90 square 
in the new units. Side of the new square is 90 x 1/15 = 6 


original units. 


Ramanujan’s number is 1729. The number of composite 
divisors of 1729 less than1729 is 
Solution 1729 = 7 x 13 x 19. So number of composite 
divisors of 1729 is 3(7 x 13,7 x 19,13 x 19). 


N is a 100000 digit number with no zero digit and the 
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24. 


20. 


sum of the digits of N is100001, then the number of such 
N’s is 
Solution As it has no 0 digit the digits are 99999 ones 
and one 2. Then the digital sum is 100001. The digit 2 
can occupy any of the 100000 places. So there are 100000 
such numbers. 


Peter 8 years old asked his mother how old she was. She 
said, “When you are as old as I am now, I will be 54 years 


old”. Peter’s mother’s current age is 
Solution Let Peter’s mother’s current age be z years. 
Then x—8 years later she will be 54. Hence, 2x —8 = 54 
and hence x = 31. 


A string of beads has a recurring pattern as follows: 5 
blue, 4 black, 4 white, 5 blue, 4 black, 4 white .... and 
so on. The colour of the 321st bead is 
Solution A repeating pattern of 13 beads consisting of 5 
blue, 4 black and 4 white beads is seen. 321 = 13x24+9. 
Thus there are 24 blocks of 13 beads with 5 blue and 4 
black beads are there. Hence 321st bead is black. 


SCREENING TEST —- KAPREKAR CONTEST 
NMTC at SUB JUNIOR LEVEL 
VII & VII STANDARDS 


PART - A- 


1. If 4921 x D = ABBBD, then the sum of the digits of 
ABBBDxD is A. 19 B. 20 C. 25 Dz. 26 
Solution 4921 x 7 = 34447 and thus D = 7. Now, 
34447 x 7 = 241129 and the sum of the digits is 19. 
Answer A. 


2. What is the 2019th digit to the right of the decimal point, 
in the decimal representation of 5/28? 
A.2 B.4 C.8 D.7 
Solution 5/28 = 1.25/7 = 0.17857142857142..., a 
repeating decimal with the repeating block 857142 and 
non-repeating block 17. Since 2019 = 6 x 33864 3, and 
we have an initial non-repeating block 17, the 2019th digit 
will be the first digit of the 337th repeating block. So it 
is 8. Answer C. 


3. If X is a 1000 digit number, Y is the sum of its digits, 
Z the sum of the digits of Y and W the sum of the 
digits of Z, then the maximum possible value of W is 
A. 10 B.11 C. 12. Dz. 22 
Solution Maximum sum of the digits of X is 9000. Y 
can be any value < 9000. Y with maximum sum of the 
digits is 8999. Max Z is 35. Same way depending on 
X,Z can take any value < 35. The Z with maximum 
sum of digits is hence 29. Max W is 11. Answer B. 


4. Let x be the number 0.000...01 which has 2019 zeroes 
after the decimal point. Then which of the following 
numbers is the greatest? 


12 
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A. 10000+z B. 10000-x CC. 10000/z OD. 1/2? 
Solution we have x = 1/1079 and 1/2? = 104949 and 
thus it is the greatest. Answer D. 


5. If 
A BC 
C BA 
D E D D 


the number of possible values of A,B,C,D,E where 
A,B,C,D,E£E are distinct digits satisfying this addition, 
1s 

A.6 B.5 C.4 D.3 

Solution Clearly D is 1 as A+C must lead to a 
carryover. As B+B+1= 11, B= 5. Therefore, 
E has to be 2. So we have B=5,D=1 and EF = 2. 
A and C must be from 3,4,6,7,8,9 and 0 and their 
sum is 11. So we have the choices {3,8}, {4,7}. But, A 
and C’ can take these in any order. So we have 4 choices. 
Answer C. 


6. Ina 5x5 grid having 25 cells, Janani has to enter 0 
or 1 in each cell such that each sub square grid of size 
2 x 2 has exactly three equal numbers. What is the 
maximum possible sum of the numbers in all the 25 cells 
put together? 

A. 23 B. 21 C.19 OD. 18 

Solution For the sum to be maximum, the 3 equal 
numbers in each sub square grid of size 2 x 2 must be 
1. Moreover the 0 entries must be minimised. This can 
be done as shown with just four 0 entries. So maximum 
sum is 21. The above figure shows two patterns one with 
nine 0’s and the other with four 0’s. Answer B. 


7. ABCD is asquare. EF is one fourth of the way from A 
to B and F is one fourth of the way from B to C. X 
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is the centre of the square. Side of the square is 8 cm. 
Then the area of the shaded region in the figure in square 
cmsis A. 14 B.16 C. 18 _ D. 20 

Solution G is the mid-point of AB and H the 


midpoint of BC. XG = XH = 4 cm and FH = 
GE = 2 cm. Hence [XGE] = [XHF]. Therefore | 
[XEBF| = [XGBH| = 4x 4 = 16 sq. cm. Answer 

B. 


8. ABCD is a rectangle with FE and F are midpoints of 
CD and AB respectively and G is the mid-point of 
AF. The ratio of the area of ABCD to area of AECG 
iS 

A. 4:3 B. 3:2 C. 6:5 OD. 8:3 
Solution AECG is a trapezium. Let AB = a and 
BC = b. Area of the rectangle = ab sq. units. AG = 
a/4 and EC = a/2. [AECG] = 1/2(a/4 + a/2)b = 
3/8ab. Hence [ABC'D]/[AECG] = 8/3. Answer D. 
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10. 


R 
M 
Vv 
L 


A T 
A T 
A T 
A T 


F 


where each alphabet represents a different digit, what is 
the maximum possible value of FLAT ? 
A. 2450 B. 2405 C. 2305 OD. 2350 
Solution 3 x J ends in J. Hence T' is either O or 
5. If T = 5, then there is a carry over 1 and hence 


3x A+1 cannot be A. So T =0. Hence A=5. So 


digits 0 and 5 are used up. We need A, M,V such that 
their sum is maximum. If we choose 9,8,7 the sum is 
9+8+7+1 = 25. But 5 is used up. Hence choose 9, 8,6. 
Then sum is 24 which means L is 4 and F is 2. Max 
sum is 2450. Answer A. 


How many positive integers smaller than 400 can you get 
as a sum of eleven consecutive positive integers? 

A. 37 B. 35 C. 33 Dz. 31 

Solution Smallest sum of 11 consecutive positive integers 
is 1+2+---+11 = 66. Next consecutive sum is 
2+3+---+12. It is equal to 66+ 12—1 = 77 (as 
we add 12 and remove 1). So the successive sums will 
increase by 11 like, 66, 77, 88,.... The last multiple of 11 
before 400 is 396 = 11 x 36. So the number of numbers 


16 


11. 


12. 


13. 


Mathematics Teacher 


from 66,77,...,396 is 31 (6 x 11,7 x 11,...,36 x 1). 
Answer D. 


Let x,y, and z be positive real numbers and let x > 
y>z sothat r+y+z = 20.1. Which of the following 
statements is true? 

A. Always zy < 99 2B. Always zy>1_~ C. Always 
zy#75 OD. Always yz # 49 

Solution Take «+ = y = 10 and z = 0.1. Then 
zy = 100. A is not true. 

Take x = 20,y=z=0.05; zy =1. Bis not true. 

Take z = 15,y = 5,z = 0.1; zy = 75. C is not true. 
Hence Answer is D. 

(What if yz = 49? Then (y+ z)/2 > V49 =7. Hence 
y+z2z2> 14 and so zx < 6.1. This cannot happen as at 
least one of y and z must be > 7. Hence z < y a 
contradiction). 


A sequence {a,} is generated by the rule, an = an_1 — 
Qn—2 for n > 3. Given a, = 2 and a2 = 4, the sum of 
the first 2019 terms of the sequence is given by 

A. 8 B. 2692 C. —2692 D. =8 

Solution The pattern is 
2,4, 2,—2, —4, —2,2,4,2, —2, —4, —2,2,4,2, -—2, —4,-2,.... 
The same block of 6 terms repeats. As 2019 = 6x 336+3, 
there are 336 repeating blocks whose sum is 0. The last 
three terms are 2,4,2 whose sum is 8. Answer A. 


There are exactly 5 prime numbers between 2000 and 
2030. Note: 2021 = 43 x 47 is not a prime number. The 
difference between the largest and the smallest among 
these is 

A. 16 B.20 C. 24 D. 26. 

Solution They must be odd numbers only. Of 
these 2001, 2005, 2007, 2013, 2015, 2019, 2025 are either 
divisible by 3 or 5 or both. In addition 2021 
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is not prime (given). We have 6 odd numbers 
2003, 2009, 2011, 2017, 2027, 2029 left. One of these is not 
prime. As 2009 = 7 x 287, it is not prime. Hence the 
difference required is 2029 — 2003 = 26. Answer D. 


14. Which of the following geometric figures is possible to 
construct? 


A. A pentagon with 4 right angled vertices. 


B. An octagon with all 8 sides equal and 4 angles 
each of measure 60° and other four angles of 
measure 210°. 


C. A parallelogram with 3 vertices of obtuse angle 
measures. 


D. A hexagon with 4 reflex angles. 


Solution Sum of the angles of a pentagon is 540°. If it 
has 4 right angles the fifth angle is 180°. So A is not 
possible. Sum of 4 reflex angles is > 720°. As the sum of 
the angles of a hexagon is 720°, D is also not possible. 
Since a parallelogram has two pairs of supplementary 
angles, it cannot have three obtuse angles. Hence only 
answer is B. Look at the following figure. 


15. If y!° = 2019, then 
A. 2<y< 3 B l<y«<2 C.4<y<5 
D. 3<y<4 


18 


16. 


17. 


18. 


19. 
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Solution 2!°9 = 1024 < 2019 < 2048 = 2!!. Also, 
59049 = 31°. Hence 2< y <3. Answer A. 


PART - B 


A sequence of all natural numbers whose second 
digit (from left to right) is 1, is written in 
strictly increasing order without repetition as follows: 
11, 21, 31, 41, 51, 61, 71, 81,91,110,111,.... Note that the 
first term of the sequence is 11. The third term is 31, 
eighth term is 81 and tenth term is 110. The 100th term 
of the sequence will be 
Solution In 11,...,91 there are 9 numbers; in 
110,111,...,119, there are 10 numbers; similarly in 
200’s, 300’s ... 900’s we have 10 numbers each. Totally 
we have 9+ 10 x 9 = 99 numbers up to 919. So 100th 
number is 1100. 


In AABC, AB=6 cm, AC = 8 cm, median AD = 5 
cm. Then, the area of AABC' in square cms is 
Solution Extend AD to E so that AD = DE. 
Since AE and BC bisect each other ABEC is a 
parallelogram. Now BE = AC = 8 cm. AB =6 cm and 
AE = 10 cm. Hence ZABE = 90° implying ABEC is 
a rectangle. [ABC] = [ABEC]/2 = 6 x 8/2 = 24 square 
cms. 


Given a,b,c are real numbers such that 9a~—6+ 8c = 12 
and 8a+12b—9c=1. Then a? —b? +c? = 

Solution 9a+8c = 12+6 and 8a—-9c = 1-126. Saunene 
and adding (81 + 64)(a? + c*) = 145 + 145b?. Hence 
a® +c? =1+0? and a*—-b? +c? =1. 


In the given figure, AABC is a right angled triangle 
with ZABC = 90°. D,E,F are points on AB, AC, BC 
respectively such that AD = AE and CE =CF. Then, 
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ZDEF in degrees is , 
Solution Let ZBAC = 27°. Then ZAED = ZADE = 


90°—2/2. ZBCA = 90°-xz. Hence, ZCEF = ZCFE = 
90° — (45° — 2/2) = 45° + 2/2. Hence ZDEF = 
180° — (90° — x/2) — (45° + z/2) = 4F°. 


20. Number of 5 digit multiples of 13 is 
Solution Smallest 5 digit multiple of 13 = 10010 = 
13 x 770 and the largest 5 digit multiple of 13 = 
99996 = 13 x 7692. Number of 5 digit multiples of 13 
= 7692 — 769 = 6923. 


21. The area of a sector and the length of the arc of the sector 
are equal in numerical value. Then the radius of the circle 


1S 
Solution Let z be the angle at the centre of the 
sector in degrees and r the radius. Given condition is 
mr*x /360° = 2mrz/360°. Hence r = 2. 


22. a,b,c,d are positive integers such that 


1 48 
1 30 


then d is 


20 


23. 


24. 


20. 
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Solution Clearly a = 1. Thus 


13 


This gives 6 = 2. Hence c+4 = { and c = 3 and 


d=4. 


A teacher asks 10 of her students to guess her age. 
They guessed it as 34, 38, 40, 42, 46, 48,51,54,57 and 59. 
Teacher said “At least half of you guessed it too low and 
two of you are off by one. Also my age is a prime number”. 
The teacher’s age is 
Solution 46, 48 are two numbers which are off by 1 from 
47 a prime number. Is 47 the correct answer? Now 34, 
38, 40, 42, 46 are too low and they are half the number 
of students. So 47 is the answer. 


The sum of 8 positive integers is 22 and their L.C.M is 9. 
The number of integers among these that are less than 4 
is 
Solution The possible numbers whose LCM is 9 is 1, 3, 
9. Since the sum is 22 and there are eight numbers, they 
must be 9,3,3,3,1,1,1,1. Hence number of integers less 
than 4 is 7. 


The number of natural numbers n < 2019 such that 
»/48n is an integer is 
Solution 48n = 24 x 3! x n where n < 2019 and 
48n is a perfect cube. This implies the powers of 2 and 
3 must be a multiples of 3. The least value for n is 
92 x 32 so that °%/48n = 12. Further values of n must 
be 22 x 32x m? where m > 1 and 2? x 32 x m3 < 2019. 
Thus m3 < 2019/36 = 673/12 = 56;,. The only three 
valid values for m are 1,2,3. 
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Anita is riding her bicycle at the rate of 18 km/h. When 
Anita is riding her bicycle on a straight road, she sees 
Baskar skating at the rate of 12 km/h in the same 
direction, 1/2km in front of her. Anita overtakes him 
and can see him in her rear view mirror till he is 1/2 km 
behind her. The total time in seconds that Anita can see 
Baskar is 

Solution Total viewing distance is 1 km. Relative speed 
at which Anita rides with respect to Bhaskar is 6 km/h. 
So the time she can view him is 60/6 minutes = 10 
minutes. Thus the total time in seconds is 600. 


In aroom, 50 % of the people are wearing gloves, and 80 % 
of the people are wearing hats. The minimum percentage 
of people in the room wearing both a hat and a glove is 


Solution In the room if each person wears either a 
hat or a glove then the number wearing both will be 
50 + 80-100 = 30%. If not then the total number 


- wearing either hat or glove will be < 100% and hence the 


percentage wearing both will increase. Hence minimum 
is 30 %. 


In AABC, AB = BC = 29 cm and AC = 42 cm. 
Then, area of AABC' in square cms is 
Solution Let M be the mid-point of AC’. As it is an 
isosceles triangle BM is perpendicular to AC. AM = 
21 and AB = 29. Then AM? = 297-217 = 400. Hence 
AM = 20. Therefore [ABC] = 42 x 20/2 = 420 square 
cms. 


The smallest integer larger than the perimeter of any 
triangle with two sides of length 10 and 20 units is 


Solution The third side is < 10+20 = 30. The third side 
> 20 — 10 = 10 units. It can be maximum 29 units. So 
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maximum perimeter is 59 units. Smallest number bigger 
than all possible perimeters is 60 units. 


The number of perfect cubes that lie between 29+ 1 and 
21541 is 
Solution 29 = 8°, 2!8 = 64°. The cubes must be > 8° 
and < 64°. So there are 64 — 8 = 56 such cubes. 


SCREENING TEST — BHASKARA CONTEST 
NMTC at JUNIOR LEVEL 
IX & X Standards 


PART -A 


1. The number of 6 digit numbers of the form ABCABC, 
which are divisible by 13, where A,B and C are distinct 
digits, A and C being even digits is 
A. 200 B. 250 C. 160 OD. 128 
Solution ABCABC = ABC x 1001 and 1001 = 13 x 
7 x 11. Hence 13 divides ABC'ABC for all A, B,C. If 
A and C areeven, A can be any of 2,4,6,8 and C any 
of 0,2,4,6,8. B is different from A and C’ and hence 
has 8 choices. A has 4 choices and C’ has 4 choices. 
Totally 4x 8 x 4= 128. Answer D. 


2. In AABC', the medians through B and C' are 
perpendicular. Then b? + c? is equal to 
A. 2a B. 3a? CC. 4a? SOCVD:.: 5a? 
Solution Let BN and C'M be the medians meeting at 
G. Let GM = 2 and CG = 2z and GN = y and 
BG = 2y. BC* = BG? + CG’, that is, a? = 4y? + 42? 


BM? = BG? + GM? = c?/4 = 4y* + 2? (1) 
CN? = CG? + GN? = b?/4 = 42? 4+ y? (2) 


Adding (1) and (2), we get b? + c* = 5(42? + 4y?) = 
5BC? = 5a2. Answer D. 


3. In a quadrilateral ABCD,AB = AD = 10,BD = 
12,CB =CD=183. Then 


A. ABCD is a cyclic quadrilateral 
B. ABCD has an incircle 
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C. ABCD has both an incircle and circumcircle 
D. It has neither an incircle nor a circumcircle. 


Solution ABCD is a kite. Let M be the midpoint 
of BD. Then BM =6 and AM = 8 since AM is 
perpendicular to BD. CM is perpendicular to BD 
as CB = CD. CM = V133 by Pythagoras theorem. 
Hence AC = 8+ V133. Product of the diagonals is 
10(8 + 133) and sum of products of opposite pairs of 
sides is 10x 13+10x 13 = 260. Since these are not equal, 
Ptolemy’s theorem is not satisfied and the quadrilateral 
is not cyclic. Sum of the opposite sides are equal. Hence 
it has an in-circle. Answer is B. 


. Given three cubes with integer side lengths, if the sum 


of the surface areas of the three cubes is 498 sq. cm, 
then the sum of the volumes of the cubes in all possible 
solutions is 

A. 731 B. 495 C. 1226 D. None of these 
Solution If a,b,c are the side lengths of the cubes in cm, 
then 6a? + 6b? + 6c? = 498. Hence, a? + b? + c? = 83. 
Possibilities are a = 6 = 1 and c= 9 or a = 3,6 = 
5,c = 7. For the two cases the corresponding sum of the 
volumes of the cubes are 1 + 1+ 729 + 27 + 125 + 343 = 
731 + 495 = 1226. Answer C. 


. In a rhombus of side length 5, the length of one of the 


diagonals is at least 6, and the length of the other diagonal 
is at most 6. What is the maximum value of the sum of 
the diagonals? 

A. 10/2 B.14 C. 5¥6 Dz. 12 

Solution Let the diagonals meet at O. Let ZOBA=rc. 
Then AC = 20A = 10sinz and BD = 20B = 10cosz. 
AC? + BD? = 100. Let AC <6 and BD >6. Then 
10sinz < 6 and hence sinz < 0.6. Then cosz > 0.8 
and BD > 8. The maximum value of AC + BD = 
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6+8= 14. Answer is B. 


6. In the sequence 1,4,8,10,16,21,25,30 and 43, the 
number of blocks of consecutive terms whose sums are 
divisible by 11 is 
A. only one B. exactly two C. exactly three 
D. exactly four 
Solution The sequences are 4+8+10 = 22, 8+10+16+ 
21 =55, 25+30 = 55, 8+10+ 16+ 21+ 25+ 30 = 110. 
Thus there are four such sequences. Answer D. 


7. Let A= {1,2,3,...,17}. For every nonempty subset B 
of A find the product of the reciprocals of the members 
of B. The sum of all such products is 
A. — B. —— mt D. 1 

7! Icm(1, 2,..., 17) ene . 


- Solution Consider the product 


1 1 1 
Pee ee eck 
(+3) (+3) +a) 
On expanding this the terms in the expansion. except 
the first one, namely 1, we get the products of the 
reciprocals of members of subsets B of A. The first term 


1 corresponds to the empty subset. The above product is 
2: 3 vee +8 = 18. On subtracting 1 we get 17. Answer D. 


8. The remainder of f(z) = x1 + 7° + 71° + 2? —6 when 
divided by x” — 1 is 
A. z+1 B. -2 C.0 OD. 2 
Solution | 


f(z) = 21 47° 4 71 4 7? 6 
= (7° — 1) + (2° — 1) 4 (x — 1) + (2? -1)-2 


Since +2” —1 is divisible by x*—1, the remainder is —2. 
Answer B. 
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The number of acute angled triangles whose vertices are 
chosen from the vertices of a rectangular box is 
A.6 B.8 C. 12. Dz. 24 

Solution ABCDEFGH is a rectangular box. If 
two adjacent vertices are chosen then whatever be the 
third vertex it will be a right triangle. For example 
ABC, ABG,ABF,ABE,ABH,ABD. No two selected 
vertices will be adjacent. BEG will be such a triangle 
and BDE. Similarly AFC and AFH are also. Thus 
for every face there will be 4 such triangles. So totally 
24 triangles. But each triangle is counted thrice. Hence 
there are 8 such triangles. Answer B. 


In the subtraction below, what is the sum of the digits in 
the result? 


111...11(100 digits) — 222... 222(50 digits) 


A. 375 B. 420 C. 429 OD. 450 

Solution Answer is 111...1088...889 with 49 ones and 
49 eights. Sum of the digits is 49 x 1+ 49 x 8+9 = 
49 x 9+9=50 x 9= 450. Answer D. 


If m and n are positive integers such that (m+n) /(m?+ 
mn +n?) = 4/49, then m+n is equal to 
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A.4 B.8 C. 12 Dz. 16 


Solution 
mtn _ 4 m?+mn+n? — 49 
m2+mn+n2 49 mtn A 
mn 49 
>m+tn-—- = —— 
m+n 4 
Now, 
49 3 7 11 15 
—=—13-—--=14--=15-— =16- — 
4 : 4 4 2 4 +0 4 
m+n = 13 does not give integer values to m,n. Thus 
m+n= 16 and ah -_ * and mn = 60. Hence 


m= 10,n=6. Answer D. 


Given a sheet of 16 stamps as shown, the number of ways 
of choosing three connected stamps (two adjacent stamps 
must have an edge in common) is 

A. 40 B.41 C. 42 D. 44 


Solution Let us look at the following shapes: Pattern 


2 occurs 4 times in the middle part. Pattern 1 occurs 
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8 times in the two horizontal strips. Pattern 3 occurs 7 
times (3 each in the two horizontal strips and once in the 
middle square) Pattern 5 occurs 7 times (same reason). 
Pattern 4 occurs 8 times (extra along the border going 
from top horizontal strip to bottom horizontal strip). 
Pattern 6 occurs similarly occurs 8 times. Totally 42 
ways. Answer C. 


In an election 320 votes were cast for five candidates. The 
winner’s margins over the other four candidates were 9, 
13, 18 and 25. The lowest number of votes received by a 
candidate was 

A. 49 B. 50 C. 51 OD. 52 

Solution Let x be the highest number of votes polled 
by the winner. Then the others received r—9, x —13, 
x—18, x — 25 votes. Total votes = 5r — 65 = 320. 
Hence x = 77. Least votes received was 77 — 25 = 52. 
Answer D. 


A competition has 25 questions and is marked as follows: 


(a) Five marks are awarded for each correct answer to 
Questions 1 to 15 


(b) Six marks are awarded for each correct answer to 
Questions 16 to 25 


(c) Each incorrect answer to Questions 16 to 20 loses 1 
mark 


(d) Each incorrect answer to Questions 21 to 25 loses 2 
marks 


Which of the following scores is impossible to achieve? 
A. 126 B. 127 C. 128 D. 129 

Solution Total marks = 15x 5+10x6= 135. Ifa 
question from 21 to 25 is wrong the candidate loses 8 
marks. If all others are correct he gets 135 — 8 = 127 
marks. If a question from 21 to 25 is not attempted he 
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loses 6 marks. If all other questions are correct he gets 
129 marks. If a question from 16 to 20 is wrong he loses 
7 marks. If all other questions are correct he receives 
135 — 7 = 128 marks. So he cannot get 126. Answer is 
A. 


A, M,T,I are positive integers such that A+M+T7+] = 
10. The maximum possible value of 


S=AxMxTxI+AxMxT+AxMxiI 
+AxXTxI+MxTxI 
AxM+AxT+AxI+ 
MxT+MxI4+TxI 
is 
A. 109 B. 121 C. 133 OD. 144 
Solution The given expression S equals 


(14+ A)(1+M)(1+T)(14+D) 
ee ee ee ae 
=(14+A)(1+M)1+T)(1+D —11 


By AM-GM inequality, 


(14+ A\(1+ M)(1+T7)(14+D)4 < eas 
_M_7 
— 4° 2 


Hence (1+ A)(1+ M)(1+T)(1+J) < “8 = 150.0625. 
Thus S < 139. Also, when A= M =3 and T=] =2, 
we get S = 133. Answer C. 


PART - B 


The three digit number XYZ when divided by 8, gives 
as quotient the two digit number ZX and remainder Y . 


30 
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The number XYZ is 

Solution 100X + 10Y + Z = 8(10Z +X)+Y. Clearly 
Y < 8 and 79Z = 92X +9Y. X being leading digit 
#0 andso X < Z and 9 divides 79Z —92.X and hence 
7Z—-2X. Z=5 and X =4 satisfy this. 9Y = 27 and 
Y =3. The number is 435. 


The digit sum of any number is the sum of its digits. 
N is a 3 digit number. When the digit sum of N is 
subtracted from N, we obtain the square of the digit 
sum of N. The number JN is 
Solution The number N and the digit sum of N leave 
the same remainder when divided by 9. Hence N— digit 
sum of WN is divisible by 9 and equals the square of digit 
sum of N. This means digit sum of JN is divisible by 3. 
We need to get a multiple of 3, whose square is a 3 digit 
number. 12,15, 18, 21, 24, 27, 30 satisfy the condition. 27 
and 30 will not work as 30 cannot be the digit sum of a 
3 digit number and 27 is the digit sum of only 999 which 
does not work. We need to look at the other 5 numbers 
in the list. 

12? =N - digit sum of N = N—12. Hence N = 156. 
Digit sum of 156 is 12. If we consider 225 = N— digit 
sum of N = N-—15 then N = 240. But digit sum of 240 
is not 15. Same with other numbers. The only answer is 
156. 


A 4x 4 anti-magic square is an arrangement of the 
numbers 1 to 16 in a square so that the totals of each of 
the four rows, four columns and the two diagonals are ten 
consecutive numbers in some order. The diagram shows 
an incomplete anti magic square. When it is completed, 
the number in the position of * is 
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Solution The ten sums are consecutive integers. The 
sums of right most column is 30, of bottom row is 31 and 
diagonal is 39. So the range of these numbers gets fixed: 
30, 31, 32,...,39. The left over numbers to fill in are 1, 
2, 8, 15 and 16. The row of * adds up to 19 and the 
column of a adds up to 32. So a can be 1 or 2 only and 
* can be 15 or 16 only. Column of b adds up to 22. Thus 
b must be either 15 or 16 only (It cannot be 8 as the sum 
30 is already there). Row of c adds up to 30. So c can 
2 or 8 only. The diagonal of d adds up to 26. So, d is 8. 
Hence c is 2. So a is 1. We now have additional sums 
34, 33,32. d+a+b6+14= 23+56 and 6 cannot be 16. 
Hence 0 is 15 and * is 16. 


An escalator moves up at a constant rate. John walks 


up the escalator at the rate of one step per second and 


reaches the top in twenty seconds. The next day John’s 
rate was two steps per second, and he reached the top in 
sixteen seconds. The number of steps in the escalator is 


Solution Let z be the number of steps the escalator 
moves per second. If n is the number of steps in the 
escalator, then, n = (z + 1)20 = (+ 2)16. Thus 
4¢ = 12; hence x = 3. Number of steps is 80. 


In a stack of coins, each row has exactly one coin less than 
the row below. If we have nine coins, two such towers are 
possible. Of these, the tower on the left is the tallest. 
If you have 2015 coins, the height of the tallest tower is 
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Solution Stack of coins will have the number as 
n(n + 1)/2 — m(m + 1)/2, where n is the height of 
the bottom most level and m the height of the removed 
level. Since n(n + 1)/2 — m(m + 1)/2 = 2015, we have 
n?—m?+n—m = (n-—m)\(n+m+1) = 4030 = 
2x5x13x31. Here n+m-+1 is the larger factor and the 
height of the stack n —m must be as large as possible. 
Take n—m = 62, Then n+m-+1 = 65 and hence n = 63 
and m=1. So the stack is 2+3+---+63 = 2015. 
Answer 62. 


Circles A,B, and C' are externally tangent to each other 
and internally tangent to circle D. Circles A and B are 
congruent. Circle C’ has radius 1 unit and passes through 
the centre of circle D. Then the radius of circle B is 
units. 

Solution O is the centre of circle D, the biggest 


one and it lies on circle C. P,Q,R are the centres 
of the circles C,A,B respectively and M,N,S are 


Screening Test - Bhaskara Contest 33 


22. 


23. 


the points of contact of the circles as in the figure. 
Circles A and B touch circle D in points X and Y. 
PNQ,QMR,RSP,OQX and ORY are collinear. Let 
the radii of circles A and B be r. From APMQ, 
PM? = (14+ 1r)?-—r? =142r. In AOQM, OQ = 
2 —r since the radius of circle D is 2. Also, OM? = 
OQ? — QM? = (2—r)?—r? =4-4r. PO=1= 
PM —~OM = V1+4+2r — V4—4r. Squaring we get, 
1+2r+4-—- 4r — 2,/(1+ 2r)(4-4r) = 1; 2-re= 
\/(1 + 2r)(4—4r). Squaring, 4+1r?—4r = 4+4 4r — 8r?; 


9r? = Br. Since r #0, r=8/9. 


The number of different integers x that satisfy the 
equation (x? — 52 + 5)(@*—2+3) — 1 is 
Solution If the power is 0 the equation will be satisfied. 
z* —11z+30=0 and hence z = 5 and 6. 

If the base is 1 then also the equation is satisfied. 
xz? —52+5=1 is satisfied for 2 =4 and 1. 

If the base is —1 and power is even also the equation is 


satisfied. «2? — 52 +5 = —1 is satisfied for x = 2 and 


3. Clearly, for these values of z, z* — 11z + 30 is even. 
Hence it has 6 solutions. 


In a single move a King K is allowed to move to any of the 
squares touching the square it is on, including diagonals, 
as indicated in the figure. The number of different paths 
using exactly seven moves to go from A to B is 

Solution The cells in the grid are filled in with the 
number of possible steps taken to reach that cell using 
c—1 steps, where c is the column number of the cell. .To 
reach cell (1,2) and (2,2) it takes 1 step to reach the 
cells horizontally or diagonally. Cell (1,3) can be reached 
from (1,2) or (2,2) in 1 step; so the entry in cell (1,3) 
is entry in (1,2)+ entry in (2,2). Similarly proceeding 
we can fill in the entries in all the cells. The entry in 
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B = entry in (1,7)+ entry in (2,7) as B can be reached 
horizontally and diagonally in 1 step from these cells. The 
number of ways is 127. 


In AABC shown below, AB = AC; F is a point on 
AB and E a point on AC such that AF = EF. H 
is a point in the interior of AABC’, D is a point on 
BC and G isa point on AB such that EH = CH = 
DH =GH = DG= BG. Also, ZCHE = ZHGF. The 
measure of ZBAC' in degrees is 
Solution Lett ZBAC =2z.In AAFE, AF =FE and 


hence ZAEF = ZFAE=12. Thus ZFEC = 180° —-<c. 
Let ZHEC =y= ZHCE. Then ZFEH = 180°-z-y 
and ZCHE = 180° — 2y. In ACHD, CH = DH, 
ZHCD = ZHDC = 90° —2/2—y. Hence ZCHD = 
r+ 2y. 
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ZDHG = 60° = ZHDG = ZDGH. Thus 

ZLGHE = 360° — 60° — (180° — 2y) — (1 + 2y) = 120° — xz 
LGFE = 2x and ZHEF = 180° —z- yy. This gives 
ZFGH = 360° — 2x — (180° —x—y) —(120°—x) = 60°+y 


Since Z2FGH = ZCHE, 60°+y = 180°—2y, giving y = 
40°. Since BG = GD, ZBGD=2,as ZGBD is same 
as ZB of AABC.. ZFGH = 60° + y = 100°. Hence 
x = 180° - ZHGD — ZFGH = 180° — 60° — 100° = 20°. 


Let x and y be real numbers satisfying zty°® + y*2° = 
810 and z%y® + y3r® = 945. Then the value of 222 + 
23y3 4 Qy3 
Solution 


r3y8 + y3x8 7 23 + y3 
yi +ytr5 — ry(x + y) 
xg? — ry + y? xresésy 


ry y 2 
Putting ¢ = - we get t+ 3-1 = a = z. Thus 
6t? —13t+6=0 and t = 3 or 3 Since the expressions 


are symmetric, it suffices to consider t = 3. This 


gives 2x = 3y and from r°y® + y3x2® = 945, we get 
9 = 64. Thus y = 22/3 and x = 3-27!/3. Hence 
27° + z3y? + 2y? = 89. 


The least odd prime factor of 20198 + 1 is 

Solution 2019 = 3 x 673, with 673 prime. 3 is not a 
divisor of 20198 + 1. If p is an odd prime such that 
20198 + 1 =0 mod p, then 20198 = —1 mod p. Hence 
2019'© = 1 mod p. We also know that if (2019, p) = 1, 
then 20199-! = 1 mod p. So 16 divides p—1 and so 
p = 17,33, 49,65, 81,97. Of these 17 and 97 are primes. 
17 does not divide 20198 + 1 and 97 is a factor. 
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27. Let a,b,c be positive integers each less than 50, such that 


28. 


29. 


a* — b* = 100c. The number of such triples (a,b,c) is 


Solution a? — b? = 100c = 2752c. Three cases arise: 
Case 1: a+b = 2x25 and a—b= 2c, where 1 <c < 24, 
is an integer. There are 24 solutions a = 25+ c, 
b= 25—-c. 

Case 2: a+b=10c, a—b=10. Here a = 5¢+5,b = 
5c —5 and 2<c < 8, since a,b must be less than 50. 
This gives 7 solutions. 

Case 3: a+b = 10c1,a — 6b = 10cg where co < 
cy) and cycg = c < 50. Take co = 2,3,4 (cg = 
1 leads to Case 2). We get (a+ ba— b) = 
(30, 20), (40, 20), (50, 20), (60, 20), (70, 20), 

(40, 30), (50, 30), (60, 30), (50, 40). Of these nine, 
(50, 40), (50, 30), (50,20) occur in Case 1. In Case 1 and 
Case 2, we have a = 30, b = 20 common. In Case 1, c= 5 
and in Case 2, c= 5 will lead to the same solution. Thus 
4 solutions occur twice. Hence the number of solutions is 
244+7+9-4= 36. 


The number of non-negative integers which can be written 
in the form 64-34 + b3-3° + bo -3%+6,-3! +5 9-3°, where 
b; € {-1,0,1} for 0<i<4 is 
Solution 64 # —1 for n to be nonnegative. If 64 = 1 
then the remaining four coefficients can take all the 3 
values and still n is positive. There are 81 numbers in 
this case. When b4 = 0 then b3 = 1 and in this case 
bg, 61, bo can take all three values. We have 27 numbers. 
When 63 is also zero, bg must be 1 and we have 9 
numbers. When by is also 0, we have 6b; = 1 and we have 
3 numbers and when 0; is also 0, bp can be either 0 or 1, 
two values only. In total we have 81+27+9+4+3+2 = 122. 


{az} is a sequence of integers, with a} = —2 and 
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AGmin = 4m + Qn + mn, for all positive integers m,n. 
Then the value of ag is 

Solution a2 = a} +a; +1 = a and a4 = ag+a2+4= 
—2, ag=—agt+ayg+16=12 


The coefficient of x9 in 
(ltct+a74+---+a°)(l+e+a°+---+2'%) 


is 

Solution Coefficient of 2% in the product equals the 
sum of the coefficient of x” in the first factor x the 
coefficient of x9°-" in the second factor, where 0 <r < 
60. Thus it is 1+ 1-+---+1 where there are 61 terms. 
Hence the coefficient is 61. 


SCREENING TEST — RAMANUJAN CONTEST 
NMTC at INTER LEVEL 
XI & XII Standards 


PART —A 


1. Ram and Shyam play table tennis with Ram’s chance of 
winning a game being 3/5 and Shyam’s 2/5. The winner 
gets 1 point and loser 0 points. The match terminates 
when one player has 2 points more than the other. The 
probability of Ram winning the game at exactly the end 


of the 6th game, not before, is 


864 1296 432 2592 
A. 15625 B. 15625 C. 3125 D. 15625 


Solution For Ram to win exactly at the end of the sixth 
game we must have 


(a) Ram wins the 6th game 


(b) In the first five games Ram wins 3 and Shyam wins 
two games 


(c) Nobody wins within the first five games 


So the only possibilities for the first five games is 
RSRSR,RSSRR,SRRSR,SRSRR where R_ means 
Ram wins and S means Shyam wins the respective 
game. The probability for these four patterns to occur 
is 4 x (3/5)? x (2/5)? = 432/3125. Hence at the end of 
the 6th game the required probability is 432/3125x3/5 = 
1296/15625. Answer B. 


2. Thirty volunteers are distributed to three polling booths. 
Each booth must have at least one and all must have 
different number of volunteers allotted. Then the number 


of ways of allocating volunteers is 
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A. 406 B. 496 C. 378 _ D. None of these 
Solution 3 booths and 30 volunteers with each 
booth having at least one. So number of ways is 


(*° — oe (7) = 406. But this includes two 


booths having equal number or all three having equal 
number. If booths 1 and 2 have equal number the number 
of ways is (1,1,28), (2,2, 26),...,(9,9,12), a total of 9 
ways. But this is repeated thrice (for booth2 = booth3, 
booth3 = booth1). So total 27 triples with exactly two 
components equal must be removed. Also one more 
(10,10,10) with all three components equal must be 
removed. Hence we have 406 — 28 = 378. Answer C. 


3. The number of values of a for which the function f(x) = 
cos 2z + 2a(1+cosz) has a minimum value 1/2 is 
A.0 B.1 C.2 D.3 
Solution 


cos 2z + 2a(1 + cosz) = 2cos* x — 1+ 2a+ 2acosz 


= 2(cos* + acosz) + 2a — 1 


a\ 2 a? 
=2( =) Dae tee 
COS Es + 2a 9 


secs ee 2 
The minimum value of the expression is 2a -1-— 4 = 4 


when cosz = —3. Hence a*—4a+3=0 giving a =3 or 
1. But cosz = —3 is not possible and thus a = 1. There 
is only one value of a for which the given expression 


attains the minimum value. Answer B. 


4. Let f(t) = 35. If Vay = {fE); FE): = 
f(f?(z)),.-.,f"(x) = f(f"(z)), then f2°19(/2) is 
A.1 B.0 C. v2. D. Not defined 
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Solution 
Ho 


a 
Hence f2"(x) = zx and f"+!(rz) = f(z). Thus 


f709(/2) = f(V2) = A = /2. Answer C. 


. The area of the curve enclosed by |z-2\/2| + |y-V/5| = 2 


is 

A. 16 B.12 C.8 D.4 

Solution Shift the origin to (2/2,/5). If the new 
coordinates are X and Y then the equation of the curve 
becomes |X| + |Y| = 2. It is a square region with 
vertices at (2,0), (0,2),(—2,0),(0,-—2). The area is 8 
square units. Answer C. 


. Let q@ be an irrational number. How many lines through 


the point (a,2a) contain at least two points with both 
coordinates rational? 

A. Infinitely many 8B. At least two but finitely many 
C. Only one D. None 

Solution Let the line through (a,2a) have slope m. Let 
the equation of the line be y = mz+c. If possible let 
(71,y1) and (z2,y2) be two rational points on the line. 
Then slope m = (y1 — y2)/(x1 — Z2) is rational as well as 
the intercept on y axis (x1 y2 — Ley1)/(r1 — L2) is also 
rational. We have 2a = ma+c. Hence c = (2—m)a, 
where 2—™ is rational and a is irrational. The LHS is 
rational and the RHS is irrational if 2 # m. Hence they 
cannot be equal if m # 2. It is possible only for one line 
with slope m = 2. Answer C. 


. Suppose Aj, Ag,...,A33 be 33 sets each containing 6 


elements and B,, Bo,...,Bn be n sets with 8 elements 
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each. If Uj2, Ai = Ul_, By = S' and if each element of 
S occurs exactly 9 times in A}, A2,...,A33 and exactly 
4 times in B;, Bo,..., B,, then n is 

A. 22 B. 33 ©. 12 = =OD.«. iil 

Solution S = U%2, A; and each element in S occurs 
exactly 9 times among A;, 7 = 1,2,...,33. Hence 
|S| = 33x6 = 22. Again, each element occurs 4 times 
in Bj, j =1,2,...,n. This gives |S| = 8 = 2n. Thus 
2n = 22 and n= 11. Answer D. 


. Let a,b and c be real numbers such that 2a? — bc —9a+ 


10 = 0 and 46? + c? + bc — 7a —8 =0. Then the set of 
real values that a can take is given by 

A. [1, 4.2] B. (—oo, 1) U (4.2, 00) C. (1, 4.2) 
D. [1, 4.2) 

Solution 


be = 2a” — 9a + 10 (1) 
4b* + bc +c? =7a+8 (2) 


(2) —5x (1) gives 


4b* — 4bc + c? = —10a? + 52a — 42 = —2(5a* — 26a + 21) 
= (2b —c)* = —2(a — 1)(5a — 21) 


Thus (a — 1)(5a— 21) <0 > 1<a<4.2. Answer A. 


. Let g(x) = (—+—| . The range of g(z) is (Z is the set 


cosec Zz 
of all integers) 


A. Z B. Z—{0} C. {0} D. {-—1,0,1}) 
Solution g(z) = [secs | = {sinz]. Since |sinz| < 1, it 
follows that the range is {—1,0,1}. Answer D. 


The ordered pair of numbers (z,y) satisfy both the 
equations z+y=3 and 2° +y°?+162=0. Then 
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A. There are 5 pairs of real solutions 


ve 


. There are four pairs of real solutions 


C. There are two pairs of real and two pairs of 
non-real solutions 


D. All four pairs are non-real solutions 


Solution 


ao +y°? +162 = (24+ y)(r* — z?y 4 27y* — zy? + y*) + 162 
= 3(2* — gy + 22y? — cy? + y*) + 162 


Thus 24 — r®y 4 r2y? — zy? + y4 +54 =0. Now, 


(x? + y*)? — 2?y? — ey — cy? + 54 
= (x? + y*)* — cy(zy + 2? + y*) +54 
= (2? + y*)(2* + y? — zy) — 2*y* + 54 
> 2\xy|(2|xy| — zy) — |zy|* + 54 
> |ry|? +54 > 0 


Thus the equation can never be satisfied for real values 
x,y. Answer D. 


11. In a rectangle ABC'D, point E lies on BC’ such that 
BE/EC = 2 and point F lies on CD such that 
CF/FD = 2. Lines AF and AC intersect BF at X 


and Y respectively. If FY : YX :xXB=a:b6:c, 
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where a,b,c are relatively prime positive integers, then 
the minimum value of a+060+c is 

A. 60 B.65 C. 70 OD. 72 

Solution Since CF = 2/3AB and AAYB ~ ACYF, 


AY/YC = BY/YF = 3 and YF/BF = ?. 


In AACE, YXB is a transversal. Therefore by 
Menelaus’ theorem, (CY/Y <A) (AX/XE)(EB/CB) = 
1. But CY/YA = § and EB/CB = 2. Therefore 
AX/XE = 2. Therefore AX/AE = 3. Therefore, 
[AXB] = 3[ABE] = % x 55 = 3S, where S is the 
area of the rectangle ABCD. 

Hence 


[AXY] = [AY B] — [AXB] 
= (1/2AB)(3/5BC) — =5 
= (3/10 -9/13)$ = <-s 
BX/XY = ([AXB)])/({AXY]) = (3/13S)/(9/130S) = 
3. Hence BX/BY = 39 and XY/BY = 3. Hence 


BX = BY = 22x BF = £BF = 30/65BF, XY = 
BY = 42BF = BF and FY = 8BF. Therefore, 


BX: XY:YF =30:9:26 and a+b+c=65. 


Rita takes a train home at 4:00, arriving at the station at 
6:00. Every day, driving at the same rate, her husband 
meets her at the station at 6:00. One day she takes the 
train an hour early and arrives at 5:00. Her husband 
leaves home to meet her at the usual time, so Rita begins 
to walk home. He meets her on the way and they reach 
home 20 minutes earlier than usual. The number of 
minutes Rita was walking before she met her husband 
on the way is 

A. 20 B.40 C. 50 OD. 60 
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Solution Let ¢ be the travel time taken by the husband 
when he meets Rita at 6 pm at the station. Let s be 
the travel time taken by him when he meets Rita on the 
way. From the given conditions, 2s = 2t — 20. Thus 
s =t-—10. Since he takes t minutes to reach the station 
at 6 pm, he must have met Rita at 5:50 pm. Thus Rita 
was walking for 50 minutes. Answer C. 


A regular polygon has 100 sides each of length 1. Another 
regular polygon has 200 sides each of length 2. When the 
area of the larger polygon is divided by the area of the 
smaller polygon, the quotient is closest to the integer 
A.2 B.4 C.8 D. 16 

Solution Let O be the centre of the circumcircle of a 
regular polygon of 100 sides. Let AB be one side of this 
polygon. Let AB = x units. Let OM 1 AB with M on 
AB and let OM meet the circumcircle at N. Clearly 
AN = NB and AN will be the side of a 200 sided 
regular polygon inscribed in the circlee Now ZAON = 
5ZAOB =e. 2NAB = 5 x 1.8° = 0.9°. Hence 
AN/AM = sec(0.9°) leading to AN = §sec(0.9°) = 5. 
Hence area of a 100 sided polygon of side x ~= area of 
a 200 sided polygon of side 5. This implies that if a 100 
sided polygon has side 1 then its area = area of a 200 
sided polygon of side 5. If the 200 sided polygon has 
side 2 units it is 4 times the side of polygon with side 3. 
Hence area will be 42 = 16 times. Answer D. 


The function f satisfies f(f(x)) = f(z +2) —3 for all 
integers x . If f(1) = 4, f(4) =3, then f(5) equals 
A.3 B.6 C.9 D. 12 

Solution f(1) =4 and f(f(1)) = f(4) =3 = f(1+2)- 
3. Hence f(3) =6. f(6) = f(f(3)) = f(5) —3. Also, 
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6 = f(3) = f(f(4)) = f(4+2)—3 = f(6) — 3. Hence 
f(6) =9. Thus f(5)=9+3=12. Answer D. 


If x and y are positive real numbers such that r+y = 1; 
the maximum value of xry* + ry is 

] 1 1 
A. 16 B. 12 C: 8 D. 7 
Solution 


zy? + fy = zy(z? + y®) = xy(x + y)(2? + y? — zy) 
= ry(z + y)((x + y)? — 3zy) 
=t(1—3t), where t = cy 


=t— 3t? = —3 (7-5) 
3 
1 1\4 
= —-3(t-—— 
3 ~3(t-§) 
Thus the maximum value is 5 . Answer B. 
PART -B 


Consider all 4 element subsets of the set A = 
1,2,3,...,8. Each of these subsets has a greatest 
element. The arithmetic mean of the greatest elements of 
these 4 element subsets is 

Solution For any k = 4,5,...,8,a4 element subset with 
k as the greatest element can be obtained by choosing 3 
elements from 1,2,...,k — 1 and forming the set with 
those three elements and k. Thus the number of such 
subsets is ) . The arithmetic mean of the greatest 
elements is 


ar ae 


8 k-1 
Pag) 
— 4-145-446-10+7-20+8-35 504 


144410420435 ~ ag = F2 
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17. The number of times the digit 1 occurs in the result of 
14+1141114---+111---11(100 digits) 
is 
Solution The given sum equals 


5 ((10 ~ 1) + (10? ~ 1) +--+ (10° - 1)) 
1 (10(10?% — 1) 
9 (re - 100) 

1 


=a (10*°* — 910) 


1 


~ 81 


1 1 
— —(99...9090) = =(11...101 
=; (99 90) = 5( 010) 


= 123456790123456790 . . . 01234567890 


(999 ...99(101 digits) — 909) 


This has 10 blocks of 123456790 and one block of 
1234567890. Hence 1 occurs 11 times. 


18. In a 38 x 32 rectangle ABCD, points P,Q,R,S are 
taken on the sides AB, BC,C'D, DA respectively, such 
that the lengths AP,BQ,CR and DS are integers and 
PQRS isarectangle. The largest possible area of PORS 
is ————_.. 

Solution Let AB = 38 and BC = 32. Since 

PS = QR and they are parallel, ZAPS = ZCRQ and 

hence AAPS = ACRQ. Let QC = AS =y and PB= 

DR=z. Also ZAPS = 90° -— ZBPQ = ZBQP. Hence 

AAPS ~ ABQP. Therefore, AS/BP = AP/BQ and 

y/x = (38—2x)/(32—y). This gives 32y—y? = 382-27. 


(xz — 19)? — (y — 16)? = 361 — 256 = 105. Thus 


(x+y —35)(z2 —y — 3) = 105 
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Now 105 factors as 105 x 1,35 x 3,21 x 5,15 x 7,~—1 x 
(—105), -3 x (—35), -5 x (—21),—-7 x (-15). Of these 
r+y-—35=-—21 and c—y—3=—5 gives r =6 and 
y = 8. Others give smaller rectangles. Since PB = 6 
and BQ = 24 gives PQ = 6V17 and PA = 32,AS =8 
gives PS = 8/17, area of PQRS is 48 x 17 = 816 sq. 
units. 


6 blue, 7 green and 10 white balls are arranged in a row 
such that every blue ball is between a green and a white 
ball. Moreover, a white ball and a green ball must not be 
next to each other. The number of such arrangements is 


Solution Conditions are Blue lies between a Green and 
a White ball and Green and White must not be next to 
each other. Look at the two patterns satisfying condition 
one. 


(a) GBWBGBWBGBWSBG here, 4 G and3 W used 
here with 6 blues exhausted 


(b) WBGBWBGBWBGBW here, 3 G and 4 W 
used here and 6 blues exhausted 


In both the patterns, Blue occurs between G and W 
and G and W are not together. In the first pattern, 3 
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more G and 7 more W have to be accommodated. G 
can come with G and not W and W cancome with W 
and not G. 


(a) gJGBwW BgGBwuW BgGBwWBGg : A Green can 
be inserted before or after another Green as shown in 
the figure. As the balls are identical Green inserted 
before or after a G does not matter. 4 places and 3 


green balls to be inserted can be done in (*737') 


20 ways. 7 white can be inserted in 3 places denoted 
by w. This can be done in (‘t°)") = 36 ways. 


Thus this gives a total of 20 x 36 = 720 ways. 


(b) wWBgGBwWBgGBwWBgGBWw: The places 
where Green and White can be inserted are marked 
g and w respectively. Whites can be placed in 


ey = 84 ways and Greens can be placed in 
Ca) = 15 ways. Thus, in this case, we have 


84 x 15 = 1260 ways. 
Total ways is 1260 + 720 = 1980. 


Let us call a sum of integers a cool sum if the first and 
last terms are 1 and each term differs from its neighbors 
by at most 1. For example, 1+2+2+3+3+42+41 and 
14+2+3+4+3+2+1 are cool sums. The minimum 
number of terms required to write 2019 as a cool sum is 


Solution For minimum number of terms the successive 
terms must be strictly increasing in the beginning and 
decreasing after the middle point and hence must be of 


the form 


1424+3+---tn—ltntn—1+n—24:-:4+1 = n(n—1)+n = n’? 
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As 44% = 1936 < 2019 < 2025 = 45?, take the 89 
terms 1+2+4---+44+45+44+---+1 whose sum 
is 2025. From the middle 6 terms subtract 1 to get 
1+2+---+44+444 43+ 42+41+40+39+39+4+38+-.--+1 
to get 2019. | 

Hence the minimum number of terms required is 89. 


O is a point inside an equilateral triangle ABC. The 
perpendicular distances OP,OQ,OR to the sides of the 
triangle are in the ratio OP: OQ: OR=1:2:3.If Area 
of quadrilateral OPBR / Area of triangle ABC = a/b, 
where a,b are co-prime positive integers, then a+ b 
equals 

Solution Let the side of the triangle be 1. The height 


= /3/2=OP+0Q+OR. Hence OP = V3/12,0Q = 
V3/6,OR = V3/4. [ABC] = V3/4.Let D,E be the 
mid points of BC’ and CA. 

Then DE = 5 and EX = DY = V3/4. Moreover 
O lies on DE. In AODP, OP = ¥V3/12. Now 
DP = 1/12 (using 30,60,90 degree triangle ODP ) 
and hence BP = 7/12. [BOP] = 1/2BP-OP = 
V3/12 - 7/12 - 1/2 = 773/288. Now BR = BY + 
YR = BY + DO = 1/2BD + 2DP = 1/44+ 1/6 = 
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5/12. [ORB] = 1/20R-RB = 1/2-5/12- V3/4 = 
573/96 = 15V3/288. Thus [ORBP] = 223/288. 
Hence [ORBP]/[ABC] = 223/288 x 4/V3 = 11/36. 
Hence a+ b= 47. 


In AABC, AB = 6,BC =7 and CA = 8. Point D 
lies on BC and AD bisects ZBAC’. Point F lies on 
AC and BE bisects ZABC . If the bisectors intersect 
at F, then the ratio AF: FD is 

Solution By bisector theorem, BD/DC = AB/AC = 


6/8 = 3/4. Hence BD/BC = 3/7 and BD =3. Thus 
DC = 4. CF is the angle bisector of ZC in AADC 
and hence AF/FD = AC/CD = 8/4=2. 


Let a,b,c be real numbers such that the polynomial 
f(z) = 2° + axr* +2 +10 has three distinct roots 
and each root of f(z) is also a root of the polynomial 
h(x) = 24 + 2° + bz? +132 +c. Then h(1) = 
Solution Let —k be the 4th root of h(z) = 0. Then 
h(x) = f(x)(2 +k) Hence a+k = 1; ak+1 = 0); 
10+k=13; 10k=c. Hence k=3,a = —2,b6=-—5,c= 
30. Thus h(1) = 14+1+64+13+c = 14+1-5+13+30 = 40. 


In quadrilateral ABCD,AB = 10,BC = 33,CD = 10 
and DA=15. If BD is an integer then BD =———. 
Solution BD+ DC > BC; BD > BC - DC = 
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33 —10 = 23; BD < AB+ AD = 10+ 15 = 25. Since 
23 < BD < 25 and BD is an integer BD = 24. 


For each positive integer n let f(n) = n*—3n?+9. Then 
the sum of all f(n) which are prime is 
Solution n4 — 3n? + 9 = n4 + 6n? + 9 — 9n? = (n? + 
3)? — (3n)* = (n* +.3n4+3)(n?-3n +3). For n >3, both 
n* + 3n+3 and n? —3n+3 are more than 1. Hence 
f(n) is composite for n > 3. For n = 1,2, f(n) = 7,13 
respectively. Hence sum of all prime f(n) equals 20. 


13 boys are sitting in a row in a theater. After the 
intermission, they return and are seated such that either 
they occupy the same seat or the adjacent seat in such 
a way that it differs from the original arrangement. The 


number of ways this is possible is 
Solution Let n people seated in n seats 1,2,3,...,n, 
reshuffle so that each person either sits in his own seat 
or an adjacent seat. If n = 2, this can be done in 
one way. If n = 3, it is 2 ways (213,132). Let 
f(n) be the number of ways in which n people can be 
shufHed thus. Person 1 can take seat 1 or seat 2 only. 
If he takes seat 1, then 2,3,...,n are shuffled among 
themselves in f(n — 1) ways. If person 1 goes to seat 
2, then the person in seat 2 has to take seat 1. The 
remaining 3,4,...,n are shuffled among themselves in 
f(n ~ 2) ways. So f(n) = f(n —1) + f(n — 2) for 
n > 3 with f(2) = 1 and f(3) = 2. Note that here 
we are not including the original arrangement. Hence 
f(4) = 3, f(5) = 5, f(6) = 8, f(7) = 13, f(8) = 21, f(9) = 
34, f(10) = 55, f(11) = 89, f(12) = 144, f(13) = 233. 


A,A2A3...Ajis5 is a 15 sided regular polygon. The 
number of distinct equilateral triangles in the plane of 
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the polygon, with exactly two of their vertices from the 
set {A1, Ag, A3,..-, Ais} is 
Solution For each side A;A;4+1 we have two equilateral 


triangles one inside the polygon and one outside. 
Similarly for each diagonal A;A; j3 #%7+1, we have 
two equilateral triangles. Totally we have ee x 2= 210 
triangles. Among these A;Aji5, (+5) mod 15, i= 
1,2,...,15 has the third vertex as A;419. There are 15 
such triangles starting from A,;Ag,A2A7,.... We need 
to discard these as all three vertices are in the polygon. 
So we have 210 —- 15 = 195. 


The polynomial P(x) = x*+az?+bz-+c has the property 
that the mean of its roots, the product of its roots, and 
the sum of its coefficients are all equal. If the y intercept 
of the graph y = P(z) is 2 then 6 = ———. 

Solution Let the roots be p,q,r. It is given that 
(p+q+r)/3= pgr =1+a+b-+c. The y intercept of 
y = P(x) is P(O) =c=2. Hence (p+q+r)/3 = pqr = 
3+at+b. 

Now pqr = product of the roots = —2 and p+qt+r= 
—a. Hence —a/3 = —2=3+a+6. Hence a=6 and 
b= -2-3-a=-ll. 


ABCD is a quadrilateral in the first quadrant where 
A = (3,9),B = (1,1),C = (5,3) and D = (p,q). 
The quadrilateral formed by joining the midpoints of 
AB,BC,CD and DA is asquare. Then p+q is 


Solution Let P,Q,R,S be 
the midpoints of AB, BC,CD,DA respectively. Then 
P(2,5), Q(3, 2), R((5 + p)/2, (3 + 4)/2), 

S((3 + p)/2,(9 + q)/2). Clearly PQ = RS and QR = 
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PS. Hence it is a parallelogram. We need PQ = QR 
and PQ 1 QR for it to be a square. PQ? = 10 
and QR? = ((p — 1)/2)? + ((q — 1)/2)? = 10. Hence 
(p—1)*+ (q~1)? = 40. 

Slope of PQ = —3 and slope of QR = (q—1)/(p—1). 
Hence —3 x (¢q-—1)/(p— 1) = —1 giving p = 3q — 2. 
Using p = 3q—2, we get (3q—3)?+(q—1)? = 40. This 
gives (q—1)?=4 and q=3,-1. 

Corresponding values of p are 7,—5. But the point is in 
first quadrant. Hence it is (7,3) and p+q= 10. 


The product of four positive integers a,b,c and d is 
9! The numbers a,b,c,d satisfy ab+a+b = 1224, 
bc+b+c = 549 and cd+c+d = 351. Then a+b+c+d = 
Solution From ab+a+b = 1224, we get (1+a)(1+6) = 
1225 = 5*- 7°. similarly, (1+6)(1+c) = 550 = 2-57-11 
and (1+c)(1+d) = 352 = 2°-11. Thus (1+a)(1+b)(1+ 
c)(1+d) =5*-72-2°-11. Hence (1+a)(1+d) = 24.7?. 
This gives b+ 1 = 57,c+1 = 22,d+1 = 16 and 
a+1= 49. Thus a = 48,6 = 24,c = 21,d = 15 and 
a+b+c+d= 108. 


FINAL — GAUSS CONTEST 
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V & VI Standards 


1 1 3 
1. (a) Find m,n positive integers such that — + — = 77 
; ee 1 1 1 
(b) Find m,n, p positive integers such that tet. = 
> 
17 
Solution , 
3 1 1 3 l 1 
We have —- — = = ——. Thus — = = + —. 
(a) e€ nave 6 102 us 7 é + 105 
We can also argue as follows: 


3 18 i7+1 17, 1 


1 1 
176-17 6-17 102 102 6” 102 
(b) We have 
1 8 _6+2 _ 6 - 2 
102 8-102 8-102 8-102 8-102 


1 J 1 1 


~ 8-17 ' 4-102 136 408 
Hence 
Le Oe ee eo 
17 6 102 6 1386 408 
Another way is as follows: 


3 1,1 #7, 21  =#14+6, 1 


17> 6102 42102 42 ~ 102 


2. Find the largest positive integer n such that 3” divides 
the 999 digit number 999...99. 


Solution 999...99 = 9x 111...11 where 111...11 1s 


04 
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a 999 digit number. The sum of the digits of 111...11 
is 999 and hence this number is a multiple of 9. Hence 


999...99 = 34 x 12345679012345679 .. .012345679 


The second factor contains 111 blocks of 012345679 
(introducing a 0 before the first block). The sum of the 
digits of this number is 111 x (0+1+---+7+9) = 11137. 
The sum of the digits is a multiple of 3 but not a multiple 
of 9. Thus the maximum power of 3 that divides the 
given 999 digit number is 5. 


3. Inside a square of area 36 cm”, there are shaded regions 
as shown. The ratio of the shaded area to the unshaded 
area is 3:1. What is the value of a+b+c+d 
where a,b,c,d, are the lengths of the bases of the shaded 
regions? Further, if three of a,b,c,d are equal integers 
and one different, then find them. 

Solution Side of the square is 6 cm. The shaded 


triangular regions labelled J,JI,JII,IV_ all have an 
altitude of 6 cm with bases a, b,c,d cm respectively. Area 
of the shaded region = 36 x (3/4) = 27 cm?. Total area 
of I,1I,1I,IV is = (1/2) x6 x (a+b+c+d) = 27cm?. 
Hence, a+b+c+d= 27 x 2/6=9. 

If a,b,c are equal and d is different a+b+c+d= 
3a+dz=+9. As a,d are integers, d is divisible by 3. 
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Hence d= 0 (not possible) 3 or 6 (not possible). Hence 
d=3 and a=b=c=2. 


. Let the six faces of a cube be numbered 1, 2,3,4,5,6 


in such a way that the 3 pairs (1,6), (2,5), (3,4) lie on 
opposite faces of the cube. At each vertex of the cube, 
the product of the three numbers on the three faces 
containing the vertex is written. What is the sum of 
all the eight numbers written at the eight vertices of the 


cube? 
Solution 1 Let ABCD be = 1; then EFGH = 


6 (opposite face) ADHE = 2; then BCGF = 5 
(opposite face) ABFE = 3; then DCGH = 4 
(opposite face). The corner A gets 1-2-3 = 6. The 
corner B gets 1-5-3 = 15. The corner C gets 
1-5-4 = 20. Thecorner D gets 1-2-4 = 8. Sum 
of these is 1-(2-3+5-3+5-4+4+2-4) = 1-(2+5)-(3+4). 
The corner FE gets 6-2-3 = 36. The corner F gets 
6-5-3 = 90. The corner G gets 6-5-4 = 120. 
The corner H gets 6-2-4 = 48. Sum of these four 
is 6-(2-3+5-3+5-4+2-4) =6-(2+5)-(3+4). 
Sum of all 8 vertices = 1-(2+5)-(3+4)+6-(2+5)-(3+4) = 
343. 

Solution 2 Notice that 1 cannot have a product with 
6 as they are opposite faces. Similarly 2 with 5 and 3 
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with 4. You need 8 numbers at 8 vertices. The only way 
you can get it without any contradiction is to pick one 
member from each of the 3 pairs (1,6), (2,5), (3,4) and 
multiply them together and add all such numbers. This 
results in (1+ 6) «(2+ 5) * (3+ 4) =7? = 343. 


5. Given a 2 x 4 rectangle with eight cells, find the total 
number of ways (frames) in which you can shade 75% of 
the cells. Few such frames are given below. 

Solution 75% of the cells means 6 cells. This implies 6 


cells are shaded and 2 are unshaded. So we can find the 
number of frames with 2 unshaded cells. 

2 unshaded cells means we have 3 cases: 

Case 1: Both from row 1. This can be picked in 6 ways. 
Case 2: Both from row 2. This can be done in 6 ways. 
Case 3: One each from rows 1 and 2. This can be done 
in 4x 4=16 ways. 

Totally 6+6+ 16 = 28 ways. 


6. A square is divided 
into 5 identical rectangles as under. Find the sum of the 
angles ZGBH, ZGC'H, ZGDH, ZGEH, ZGFH. Givea 
valid proof for your answer. 

Solution From the given data AG || BH || CI || DJ || 
EK || FL, since these are sides of rectangles. 
Similarly BG || CH,CG || DH,DG || EH and EG || 
FH. (BC =GH and they are parallel. Hence BGHC 
is a parallelogram and BG || CH. Similarly for the 
others) 
ZGBH = ZAGB,ZGCH = ZBGC,ZGDH = ZCGD, 
since these being alternate angles for the 4 sets of parallel 
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lines. ZGEH = ZDGE,ZGFH = ZEGF. Adding we 
get, 
ZGBH + Z24GCH + ZGDH + ZGEH + ZGFH 
= ZAGB+ ZBGC + ZCGD+ ZDGE + ZEGF 
= ZAGF = 45° 


. Around a circle five positive integers a,b,c,d,e are 


written in such a way that the sum of no three or no 
two adjacent integers is divisible by three. How many 
of these a,b,c,d,e are divisible by three? Give proper 
proof for your answer. Note: These are given 5 positive 
integers 

Solution We need to look at the remainders when 
a,b,c,d,e are divided by 3. The possible remainders are 
0,1,2. | 

No two adjacent remainders can be 1 and 2 for, the sum 
of these numbers will be divisible by 3. No three adjacent 
numbers can be 0,0,0 or 1,1,1 or 2,2,2 as their sum 
will be divisible by 3. 

Is it possible to have only remainders 1 and 2? No, as we 
will have an adjacent pair 1, 2. Is it possible to have only 
0 and 1 as remainders for such an arrangement? Yes. 

Is it possible to have only 0 and 2 as remainders for such 
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an arrangement? Yes. 

What about all three remainders? No. Look at 0,1,2 
and any two of these. If 0,1,2 are put in circular order 
and if the fourth is a 0 or 1 then putting it between 1 
and 2 violates the condition given. Similarly a 2 will also 
violate the condition. 

So we can have either 0, 1 as remainder or 0, 2 as 
remainder. 

How many Os? Can we have three? No. As two will 
be adjacent after the insertion of either 1s or 2s. Soa 
maximum of two Os only. What if we have one 0? Then 
three 1s or 2s come together making the sum divisible by 
3. 

So exactly 2 are 0 remainders, that is, divisible by 3. 


8. Let ABCD be a square with the length of side equal to 
12 cm. Points P,Q, R, are respectively the midpoints of 
sides BC,CD, and DA (see figure). Find the area of 
the shaded region in square cm. Give valid reasons for 
your steps. 

Solution Join PR and let S be the point of 


intersection of AP and BR. Area of the square 
ABCD = 144cm?. 

Area of AAQB = (1/2) x 12 x 12 = 72cm?. 

ABPR is a rectangle since AR = BP = 6 cm and they 
are 1 to AB. Area of ABPR=72cm?. 

The diagonals divide the area of a rectangle equally. 
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Hence Area of AABP = (1/2) x 72 = 36cm”. Area of 
AASB = (1/2) x areaof AABP = (1/2) x 36 = 18cm’. 
(Diagonals of a rectangle bisect each other and hence 
AS = SP. Hence AASB is half the area of AAPB). 
Area of shaded region = area of AAQB-— area of 
AASB = 72 — 18 = 54cm?. 


1. 


2 


FINAL — KAPREKAR CONTEST 
NMTC at SUB JUNIOR LEVEL 
VII & VIII Standards 


Let a, be the units place of 17 + 2? + 37?4+.---+n?. 
Prove that the decimal number 0.aja2a3...a,...is a 
rational number and represent it as p/q, where p and 
q are natural numbers. 

Solution Computing a, for the first few values of n, we 
get 


1,5, 4, 0, D, 1,0, 4, 0, Q, 
6,0, 9,5, 0,6,5,9,0,0,1,... 


We see that for ajg = ao9 = 0,a2q1 = 1,.... Thus the 
block a,a2...a29 will repeat itself. Thus the number is 
a recurring decimal and consequently, it is rational. 


__ 15409104556095065900 
~ 99999999999999999999 


0.a1a903...Qn... 


] 3 
(a) Find m,n positive integers such that — + — = — 
mn 17 


| 1 1 1 
(b) Find m,n, p positive integers such that —+—+- = 
mn p 
3 
17 
(c) Using this idea, prove that for any positive integer 
k, we can find k distinct positive integers, 
N1,N2,..-,Nz such that 


1/ny + 1/ng +-+-+1/n, = 3/17 


Solution 


1 1 3 


3 1 
(a) We have 77 — & =jog: Thus = % 102° 


We can also argue as follows: 
3 18 <17+1 = #217 1 


1 
176-17 6-17 102102 6. 102 
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(b) We have 
1 8 _ 64+2 _ 6 a: 2 
102 8-102 8-102 8-102 8-102 
=, ot i 1 1 re 1 
~ 8-17. 4-102 136 408 
Hence 


Another way is as follows: 


$3 1,1 _7, 1 _14+6,1 
17 6 102 42 102 #42 102 
a oes 
42 7 ~~ 102 


(c 


ow 


Let us do it for k = 4. That will give us an 
idea to generalize. 1/7 = 1/8 + 1/56. Hence, 
3/17 = 1/8 + 1/56 + 1/42 + 1/102. 

We have n; = 8,n2 = 56,n3 = 42,n4 = 102. Look 
at the denominators for k = 4: (4+ 4),8-7,7- 
6and102 . 

For k = 5 the denominators will be (5+ 4),9-8,8- 
7,7-6and102. 

Hence,for k, the denominators will be (k + 4), (k+ 
4)(k+3), (kK+3)(k+2),...,9'8,8-7,7-6 and 102. 
These will be the k denominators. 


3. Does there exist a positive integer which is a multiple of 
2019 and whose sum of the digits is 2019? If no, prove it. 
If yes, give one such number. 
Solution 
Let us look at the multiples of 2019 and their sum of 
digits. 
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ee a 
aos [a 
ae 

a ee! 


2 
15 
18 
2 
9) 
18 


Pasi [ae 


We can use any of these multiples and get a multiple of 
2019 whose sum of the digits is 2019. Using 2019 x 4= 
8076: We have 2019 = 21 x 96+3. If we use 96 blocks 
of 8076 then sum of the digits is 2016. We need to get 3 
more. Let us split it as 21 x 954 24 = 21 x 954+12412. 
Get 95 blocks of 8076 and append it with 20192019. You 
get the number 807680768076. ..807620192019 , with 95 
blocks of 8076 and 2 blocks of 2019. This is a 388 digit 
number which is a multiple of 2019 with sum of its digits 
2019. Instead of 2019 you can use 14133 = 2019 x 7, 
whose sum of the digits is also 12. We can use other 
combinations also and thus get multiple solutions. 
Another solution: 2019 = 18 x 111+ 21 where sum 
of the digits of 2019 x 9 = 18171 is 18. Look at 
the number 1817118171 ...181718076 where 111 blocks 
18171 are there in this number. Sum of the digits of this 
number is 2019. 


1 
2 
1 
1 


4. Inatriangle XY Z , the median drawn through X and Y 
are perpendicular. Then show that XY is the smallest 
side of XYZ. 

Solution D and EF are midpoints of XZ and YZ 
respectively. G, the centroid, the point of concurrence 
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of medians, trisects the medians at G. Let GE = x and 
GD =y. Then XG = 2z and YG = 2y. It is given 
that XE LYD. 

AXGY is right angled at G. Hence, XY? = XG? 4+ 
YG? = 4x? + 4y?. 

AXGD is right angled at G. Hence, XD? = XG? + 
DG? = 4x? + y?. 

AYGE is right angled at G. Hence, YE? = YG? + 
EG? = 4y? + x”. 


Since XZ = 2XD, XZ* = 4XD? = 4(427? + y?) = 
162? + 4y?. | 

Since YZ = 2YE, YZ? = 4YE? = 4(4y? + 2?) = 
16y? + 422. 


Clearly 42? + 4y? < 162? + 4y? and 42? 4+ 4y/’ 
16y* + 422. Hence XY is the shortest side. 


A 


. Let APQR be a triangle of area 1 cm”. Extend QR to 


X suchthat QR = RX; RP to Y suchthat RP = PY 
and PQ to Z such that PQ = QZ. Find the area of 
AXYZ. 

Solution In ARPZ, Q is the midpoint of PZ. Hence 


[PQR] = [RQZ] = lem” (1) 
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In AXQZ, R is the midpoint of XQ. hes 
[PQR] = [PRX] = 1cm? : (2) 

In AQRY , P is the midpoint of RY. Hence 
[PQR] = [QPY]=1cm* (3) 

In AZXQ, R is the midpoint of QX . Hence 
[RQZ] = [RX Z] = 1em?, by (1) (4) 

In AXYR, P is the midpoint of RY . Hence 
[PRX] = [XYP] =1cm?, by (2) (5) 

In AYZP, Q is the midpoint of PZ. Hence 
[QPY] = [QYZ] = 1cm’, by (3) (6) 


[XYZ] = [PQR] + [RQZ] + [RXZ] + [PRX] 
+ [XYP] + [QPY] + [QY Z] = 7 cm’? 


6. Find the real numbers z and y given that x — y = 3/2 


and x4 + y4 = 2657/16. 
Solution 


t—y=3/2>27%4+y? -2sy=9/4 
>a? + y* =9/44 Ary 
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Squaring this we get 


zt + yt + Qx7y? = 81/16 + 4r7y* + Ory 
=> 2657/16 + 227y? = 81/16 + 427y? + Oxy 


Hence, 2x?y? + 9xy — 2576/16 = 227y? + 9ry — 161 =0. 
Qr*y? + 23ry — 14ry — 161 = (ry — 7)(2Qry + 23) = 0. 
Hence ry = 7 or —23/2. 

Case 1: ry = 7: 

(x+y)? = (x — y)*? + 4zy = 9/44 28 = 121/4. Hence 
zt+y = 11/2 or —11/2. If c+y = 11/2, then z—-y = 3/2 
and 2 =7/2,y = 2. 

If c+y = —11/2, then x —y = 3/2 and z = —-2,y = 
—7/2. 

Case 2: ry = —23/2 

(x + y)? = (x — y)* + 4zy = 9/4 — 46 = -175/4. But 
for real solutions (z+ y)* cannot be negative. Hence no 
solution in this case. 


. The difference of the 8 digit number ABCDEFGH and 


the eight digit number GH EFC'DAB is divisible by 481. 
Prove that C= E and D=F. 

Solution Note that 481 = 13 x 37. Let x = 
ABCDEFGH —GHEFCDAB. Then 


z= 10°AB+10'CD+10°EF + GH 
— 10°GH — 10'EF — 10*CD — AB 
= (AB — GH) x (10° — 1) 
+ (CD — EF) x (104 — 107) 
= (AB — GH) x (999 x 1001) 
+ (CD — EF) x (99 x 100) 
= 999 x 1001 =11x13x7x9x3x 37 


Also 999x1001 = 11x13x7x9x3x37. Hence 999x 1001 
is divisible by 13x37. Hence as 7 is divisible by 13 x37, 
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(CD — EF) x (99 x 100) is divisible by 13 x 37. 

13 and 37 are relatively prime with 99 x 100. Hence 13 
and 37 both must divide CD — EF. But both being 2 
digit numbers at the most (for C’ and E could be zero) 
it is possible only if CD = EF ie C=E and D=F. 


8. ABCD is a parallelogram with area 36cm”. O is the 
intersection point of the diagonals of the parallelogram. 
M isapoint on DC. The intersection point of AM and 
BD is E and the intersection point of BM and AC is 
F. The sum of the areas of the triangles AED and 
BFC is 12cm?. What is the area of the quadrilateral 
EOFM ? 

Solution [AOB] = [BOC] = [COD] = [DOA] as the 


diagorals of a parallelogram divide a parallelogram into 
4 _ parts as the diagonals bisect each other. 

Hence, [AOB] = [AOB] = [ABCD]/4 = 9cm?. 
[AM B| = [ADB] as the triangles have the same base 
AB and DM is parallel to AB. Thus [AMB] = 
[ABCD]/2 = 18cm?. Hence, [AOBM] = [AMB] — 
[AOB] =9cm? and [AOD] + [BOC] = 18cm?. Also 


[AOE] + [BOF] = [AOD] + [BOC] — [AED] — [BFC] 
= 18 —12=6 cm? 


Finally, 
[OEM F] = [AOBM] — [AOE] - [BOF] = 9 — 6 = 3cm? 


from the above two equations. 


FINAL — BHASKARA CONTEST 
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IX & X Standards 


. In a convex quadrilateral PQRS , the areas of triangles 
PQS,QRS and PQR are in the ratio 3: 4:1. A line 
through Q cuts PR at A and RS at B such that 
PA:PR=RB: RS. Prove that A is the midpoint of 
PR and B is the midpoint of RS. 

Solution [PQR] = 1;[PQS] = 3;[QRS] = 4 say. Let 


PA/PR = RB/RS = a. Hence [PQA] = a;[QRA] = 
1~—a;(QRB] = 4a. Hence 


QA/QB = ([QAR]))/(IQBR]) = (1 — a)/4a 
QA/AB = (1—)/(5a — 1) 


Thus [PRS] = [PQS] + [QRS] —-[PQR] = 3+4-1= 
6. Also [RAB] = 4RA.RBsinZARB = 3(1-a)RP - 
aRS -sinZPRS = a(1-a)[PRS] = 6a(1 — a). Again, 
QA/AB = (|QRA])/([ARB]) = (1 - @)/(6a(1 - @)) = 
(1 —a)/(5a —1). Therefore 6a — 6a? = 5a — 1; that 
is, 6a? —-a—1=0 and a= 4 or —3. Clearly, —3 is 
invalid. Hence a = P and A is midpoint of PR and B 
is midpoint of RS. 
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2. Given positive real numbers a,b,c,d such that cd = 1. 
Prove that there exists at least one positive integer m 
such that ab < m? < (a+c)(b+d). 

Solution 


(a+c)(b+ d) =ab+cd+ad+ bc 
ab+1+2Vabcd By AM-GM inequality 


= ab+1+2Vab 
= (Vab + 1). 


Let xz = Vab. We need to prove that for any positive real 
number y, between y? and (y+ 1)? there is a perfect 
square integer. 

Let y= I+ f, where 0 < f <1 and I = [y|. Then 
y? = [24 f242I7f and (y+1)? = (4+1)?+ f?+2If4+2f. 
Also, (I+ 1)* > 174+ f? + 2If = y? since f < 1. 
Therefore y* < (I +1)? < (y+1)?. If y = 2, then 
there is an integer square ([V/ab] + 1)? lying between ab 
and (a+c)(b+d). Here m= ({Vab] + 1)?. 


3. Find the number of permutations 
L1, 22,23, 04,15, 16,27, 78 


of the integers —3,—2,—1,0,1,2,3,4 that satisfy the 
chain of inequalities x,x7q < 29%3 < 2374 < x45 < 
L5xLE S L6L7 S X7ZQ. 

Solution Note that no two negative numbers can occur 
consecutively, as otherwise the ensuing positive product 
must be followed by a non-positive product if the 
negatives are used up or it would have to occur at the 
end. 

Thus the permutation must start with alternative positive 
and negative terms. The inequality zj7j341 < 2i41%i+2 
implies that x; < Zio if Ti41 > O Or Zi > B42 if 
Li4+41 <0. So we end up with two main cases xz; = —3 
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and Oh es —3. 

Case 1: 2} = —3. Then x3 = —2 and z5 = ~—1. Then 
either zg = 0 or r7 = O. If zg = O, then the positive 
terms (22, 24,27,2g) must satisfy ro > 14,27,2%g can be 
in any order as the product x72 is positive. The number 
of ways is 4!/2! = 12, as we can take any permutation of 
1,2,3,4, where the first two are in decreasing order. 

If x7 = 0, then the positive terms (x2,2%4,27,2g) a 
permutation of 1,2,3,4, must satisfy ro > r4 > Xe. 
This can be done in 4!/3! = 4 ways. Total is 12+4 = 16 
in case 1. 

Case 2: xq = —3. Then x4 = —2 and ze = -1. 
Then either z7 = 0 or zg = O. If z7 = G, then the 
positive entries 21,23,25,Z2g must satisfy rz, > 73 > 5 
and zg can be anything. This implies the permutations 
(21, 23,25,2g) of 1,2,3,4 must satisfy zr; > 23 > 25. 
There will be 4!/3! = 4 such permutations. If rg = 0, 
then the positive entries 21,23,25,2Xg must satisfy xz, > 
23 > 25 > 27. This can be in one way only. Totally there 
are 4+ 1=5 such ways in case 2. 

Total number of such permutations = 16+ 5 = 21 ways. 


. In the figure, BC is a diameter of the circle, where 


BC = V257, BD =1, and DA = 12. Find the length of 
EC and hence find the length of the altitude from A to 
BC. 

Solution ABDC is right angled at D. Hence CD? = 
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BC? — BD? = 257 — 1 = 256. Hence BD = 16. 
AADC is right angled at D. Hence AC? = AD? + 
DC? = 144 + 256 = 400. Hence AC = 20. 

Let AE = zx. Since AE. AC = AD. AC, (theorem 
on intersecting chords) we get 2-20 = 12-13 and 
xz = 156/20 = 7.8. Hence CE = 12.2 [ABC] = 
54B-CD = 13 x 16/2 = 104 sq. units. 


AF = 2|ABC]/BC = Was units. 


5. A math contest consists of 9 objective type questions 
and 6 fill in the blanks questions. From a school, some 
number of students took the test and it was noticed 
that all students had attempted exactly 14 out of the 
15 questions. Let O;,02,...,O9 be the nine objective 
questions and F}, Fo,..., Fe be the six fill in the blanks 
questions. Let a;; be the number of students who 
attempted both questions O; and F;. If the sum of all 
the aj;, 7=1,...,9 and j = 1,...,6 is 972, then find 
the number of students who took the test in the school. 
Solution As each student solved 14 out of 15 questions, 
the only two possibilities are the students solved either 
(i) 9 objective and 5 fill in the blanks or (ii) 8 objective 
and 6 fill in the blanks. Let p and q be the number of 
students who solved by case (i) and case (ii) respectively. 
Then 9x5xp+8x6x gq = 45p+ 48q = 972 and hence 
l5p + 16q = 324. Clearly p < 21 and q < 20. The 
only integer value for p and q satisfying this condition 
is p= 12 and q=9. Hence number of students = 21. 


6. Find all positive integer triples (x,y,z) that satisfy the 
equation 


at + y? + zt = Qa7y? + Qy2z? + 2272? — 63 
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Solution 
at + yt + 24 = Qr*y? + Qy?2? + 2272? — 63 
= (2° + y” — 2”) ~ (2zy)* = -63 
=> (Qry + 2? + y? — z?)(Qry — 2? — y? + z*) = 63 
= (a+ y)* — 2*)(z* — (x —y)?) = 63 
>(r+y+z)(r+y—z)\(z+2—-y)(z—-2r+y) = 63 
First, assume xz > y > z. Then 
O<z-xr+y<z24+2-ysrty—z<r+y4+2 
and the factors are positive integers. Since 63 = 37-7, 
the possibilities are 
z2-2t+y=-1zt+ae-y=le@ety—-z=7,r+y+2z2=9 
z-z2+yH=1zt+r-y=3,r+y-—z2=3,r+y+z2=7 
The first set gives the solution z = 4,y = 4,z = 1 and 


the second gives x = 3,y = 2,z = 2. We can permute 
these sets to get a total of 6 solutions. 


(x,y,z) = (4,4, 1), (4, 1, 4), (1, 4, 4), (3, 2, 2)(2, 3, 2), (2, 2,3) 


. The perimeter of triangle ABC’ is 2 and its sides are 


BC =a,CA=b,AB =c. Prove that 
abc + 1/27 > ab+ bc + ca — 1 > abc 


Solution a+6+c=2 and a,b,c are sides of a triangle. 
Hence each a,b,c < 1. Hence (1 —a)(1—6)(1—c) >0 
giving ab+bc+ca—1 > abc. Also, by AM-GM inequality, 


—a — Gey? 
(1 ay(t Baa) s (=A PFE) _ 


Thus 


1 
1—(a+6+c) + (ab+ be + ca) — abe < 5 


1 
=> ab + bc + ca—1 < abc + 5, using a+b+c=2 
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8. A circular disc is divided into 12 equal sectors and one 
of 6 different colours is used to colour each sector. No 
two adjacent sectors can have the same colour. Find the 
number of such distinct colourings possible. 

Solution 1 Let 6 colours be fixed and let n be the 
number of sectors. Let us try to get a recurrence relation 
for a, , number of such colourings for n sectors with 6 


colours. 

a2 = 6-5= 30. 

Let S1,S2,...,5, be the n sectors. S) can be coloured 
in six ways, So in 5 ways, S3 in 5 ways, ..., Sn-) in 


5 ways. If we can use 5 colours to colour S,, which 
is also a neighbour of S;, then the total colourings is 
6-57%-!. Note in this S; and S, might have same 
colour. a, is the number of colourings with 5S; and 
S, having different colours and anj—; is the number of 
colourings with S; and S, having same colours (Note 
that we merge S; and S, so that we have essentially 
n—1 sectors only. It will be okay as S,_1; and S) have 
different colours. Hence a, + an-; =6-5"7!. 

Since a3 = 120 = —5 + 5%, we get ag = 6-5° — 120 = 
630 = 5+5*. We guess that a, = 5-(—1)" +5". This 
holds for n = 3,4. Assuming that it holds for m, we 
have 


Gti = 6+5" =a, 
=6-5™—(5-(-1)"+5™) 
= (6—1)-5™+45(-1)™*! 
= 5™t1 + 5(-1)™*? 


Thus the expression holds for m+ 1 as well and a, = 
5(—1)” +5” for all n. Thus ajo = 5+ 5. 
We can also find the expression for a, as follows: 
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Let b, = a Thee tae ee 


by 1 = — (PA *) = (A —1)? at) =. 


= (-1)""? Ge | 


Thus 
An = 5"(b,) = 5” (1 + =) = §(—1)" + 5” 
5n—1 
Thus aj2 = 5+ 512 | 
Solution 2 With notation as in Solution 1, consider a,, . 
We can color the sectors $1, S2,...,Sn—1 in Qn_1 ways. 
In this 5S; and S,_}1 will have different colors. We can 
complete the coloring by giving S, any color other than 
the colors of S,; and S,_,. This gives 4a,-, colorings. 
The colorings in which S; and S,_; having the 
same color can be obtained from a coloring of 
S1,59,...,5n—2 and coloring the S,_, with the color 
of S;. This can be done in an—2 ways. Now we 
can color S, in a color other than the color of Sj) 
and hence in 5 ways. This gives 5a,-2 ways. Hence 
An = 4An-1 + 5An-2. 
As in Solution 1, assuming a, = 5-(-—1)" + 5” holds 
for n <m, we show that it holds for n+ 1 as well: 
Qn41 = 44n + 94pn-1 

= 4(5-(—1)" +5") +. 5(5- (-1)”"! +5""1) 

= (-1)"*!(—20 + 25) +4-5" + 5” 

ae an a + 5n+l 


This complete the proof. 


FINAL — RAMANUJAN CONTEST 
NMTC at INTER LEVEL 
XI & XII Standards 


1. Let 21,2%2,...,2n be positive real numbers. Prove that 
2 2 2 
z x x 
ae ae ea 0 +8 >97,4+2704+-:'In 
iQ 23 Ly 


Solution 1 Let 2741 = 2;. By AM-GM inequality, we 
2 


have + 2441 > 22;, for i=1,2,...,n. Adding, we 


2+1 


Hy +4 Da 22 ym 


The required inequality follows by cancelling >}\2; on 
both sides. 
Solution 2 Using Cauchy-Schwartz inequality for 


{ Yama} and | 


get 


we get 


Li+1 


The required inequality follows by cancelling 5° 2; on 
both sides. 
Solution 3 By induction: 


nm=2: 
2 2 2 2 
£ £ been oe 
a ae (ny +29) (2A -1) satay 
Z2 D1 L122 


since, Hitz, > 2 by AM-GM inequality. 

Assume that the result holds for some n > 2. Take n+1 
the next stage. Because of cyclic symmetry of the given 
expression we take rn41 as the largest among the n+ 1 
numbers. Then 


(45) 
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and hence 


2 2 
In In 
ee OD tnt (1) 
I In+l1 I) 


Since the inequality holds for n, we have » 


2 


2 2 
L Mb Zr 
—t Pe ere) ae ea 
1 


2 L3 
Adding (1) to the above, we get the desired inequality. 


2. Let AB be a diameter of a circle with diameter 2 units. 
P and R are distinct points on the circle on the same 
side of AB. PQ,RS are parallel chords intersecting 
AB at 45° angle, at M and N respectively. Prove that 
PM-RN+QM-SN <2. 

Solution By AM-—GM inequality, 


PM2 N2 2 2 
PM-RN+QM-SN <= ae 
_ PM?+QM?*+ RN? +SN? 


2 (2 


Draw a line | to the parallel lines PQ and RS meeting 
them at X and Y. Also X and Y are the midpoints 
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of PQ and RS. 


PM? + QM? = (PX — XM)? +(QX + XM)? 
= 2(PX*+ XM’), since PX = QX 
= 2(PX?+0OX*), since XM =OX 
as ZOMX = 45° 
= 20P* = 2 


Similarly, RN?+SN? = 2. Therefore (2) reduces to the 
inequality PM-RN+QM-SN < #42 =2. 

For equality to occur PM = RN and QM = SN, which 
implies PQ = RS. These chords are equidistant from 
O. This implies PM cannot be equal to RN as the 
chords are at an angle 45°. Thus it is a strict inequality. 


3. Consider the non-convex quadrilateral ABCD with 
ZC > 180°. Let the side DC extended meet AB at 
F and the side BC extended meet AD at E. A line 
intersects the interiors of the sides AB, AD, BC,C'D at 
points K,L,J,I respectively. Prove that if DI = CF 
and BJ/=CE,then KJ =IL. 

Solution Draw a line through J parallel to CB to meet 


AB extended in P. Similarly draw a line through J 
parallel to CD to meet AD extended in Q. We get 
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quite a few similar triangles. Let BJ = CE = & and : 


DI=CF=y. | 
AKBJ ~ AKPI (3) 
ALJQ ~ ALID (4) | 
AQJE ~ ADCE (5) | 
APIF ~ ABCF (6) 
af _KI_ KI KJ-PI 
From (3) BG oy? ; Hence x = kT (7) 
LI LI JQ-LI 
From (a) 22 ja 7 DI ae Hence y = LJ (8) 
x KJ-PI-LJ 
QI DC _ DC. _JE -DC 
Dip On at on 
PI BC _ BC BC -IF 


y os Hence y= pl (11) 


m (6) TF IF CF 
x JE-PI-DC 


Equating (9) and (12) and using BC = JE,DC = IF 
and cancelling PI and JQ on both sides, we get KJ- 
LJ = KI-LI. This gives KJ-(LI+JIJ) = (KJ+JI)-LI 
and hence KJ-IJ =JI-LI implying KJ =LI. 


(12) 


. A sequence a,, n=1,2,3,... defined as an = 2” + 49. 


Find positive integers n such that, an = pq, Qn41 =TS, 
where p,g,7T,s are prime numbers with p <q, r< 8s 
and q—p=s-r. 

Solution Note that all a,s are odd. Hence p,q,r,s if 
they exist must all be odd. Also an41 = 2an — 49 < 2a,. 
Moreover, @, = (—1)" +1 mod 3 for all n. Hence in 
Qn, An+1 One must be a multiple of 3 as 3 divides a, for 
all odd n. 

Let us assume that such a@n,a4n4), exist with p = 3 
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and q—-p = s—rz=d. Hence a, = 3(3+d) and 
An+1 < 2a, = 6(3 +d). This implies r < 6 and prime. 
Also p(p+d) <r(r+d) implying p< r. Hence r=5. 
Qn+1 = 6(3 + d) — 49 = 5(5 +d). Hence d = 56. 
So a—n = 3-59 = 177 = 128+ 49 = 2? + 49 and 
On41 = 5-61 = 305 = 2° + 49. 


5. The decimal representation of a prime positive integer is 
AnQn—1...A1AQ = An10”" + Gn—110"-} +---+a,10+ aq. 
Consider the polynomial, 


p(z) = ant" + Qn_iz™ | +--+ +412 + a9 


where the coefficients are the digits of the positive integer, 
where n > 1 and a, > 1. Prove that p(x) cannot be 
factorized as the product of two polynomials with integer 
coefficients of degree > 1. 

Solution Let p(x) = q(z)r(z) where q(x) and r(z) 
are polynomials of degree > 1. This implies p(10) = 
q(10)r(10). Since p(10) is prime either |q(10)| or 
|r(10)| = 1. Let |g(10)} = 1. Let the degree of 
q(x) be m and let its roots be rj,r2,...,7%m. Let 
q(x) = a(z — r1)(z — ra)-+-(@ — tm). Then (10) = 
a(10 — r;)(10 — r2)---(10 — rm) where a is a nonzero 
digit. |q(10)| = a|10—r,||10—ra|---|10-r,,| = 1. This 
implies a = 1. We need to prove that this is not satisfied. 
To this end we prove the following lemma. 

Lemma If a is a root of p(x) then 


<1 
la] < 1+ fis lax /an| 


Proof If |a| < 1, we are done. Let |a| > 1. Since 
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p(a) = 0, we get 


Ana” = ~(an_ja" 1 +---+a,a + ag) 
Aan~ a 
la” | = eet =! +... %0 
An An 
< Qn~-1 ied boc 
n an 


Let L = maxo<k<n |a4/an|. Then 


la") < L(Jal"* +--+ +1) 
_ ,laf*—-1 
~~ tal -1 


This leads to the inequality |a|"(|a|—1—L) < —L. Since 
L > 0, it follows that ja] <14+L. 

It is given that a, > 2 and all other coefficients are 
digits. Hence L < 3 . Since r,s are also roots of p(x), 
for every k, |10 —r,| > 10 —|rx| > 10-1-3 = 3. 
Hence |q(10)| > a (3)™ > 1. Thus the factorization is 
impossible. 


. Are there distinct prime numbers a, b,c, z,y,z such that 


a? +52 +c34+23+y3+23 = 32491? If such prime numbers 
exist, find all such numbers. If no such primes exist, prove 
that it is impossible to find such numbers. 

Solution If all are odd primes, then the sum of the six 
cubes should be even. But 32491 is odd and henceat least 
one of the primes must be even and equal to 2. Without 
loss of generality, we can assume that z= 2. Now, 


a+ b°? +c +224 y* = 32483 


Any cube is either 0,1,—1 modulo 9. Noting that 
32483 = 2 (mod 9), it follows that at least one of the 
five primes must be 3. Let y = 3. Now, 


a? +b? + c3 + 2? = 32483 — 27 = 32456 
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Again, every cube of an integer is congruent to 1,0, —1 
modulo 7. Note that 32456 = —3 (mod 7). Thus at least 
one of a,b,c,z must be 7. There is no loss of generality 
In assuming x = 7. Now, 


a® +b? + c3 = 32456 — 343 = 32113 


Cube of an integer is congruent to 0,1,5,8,—1 modulo 
13. Noting that 32113 = 3 (mod 13). Since the smallest 
prime that is 1 (mod 13) is 53, and 53° > 32113, we 
deduce that one of a,b,c must be 13. Let c= 13. Now, 
a® + b® = 32113 — 139 = 29916. We can assume that a > 
b. We have 32113 = a* + b® < 2a?. Thus a® > 16052, 
and hence a > 29. Also 32113 < 372. Hence a = 29 
or 31. If a = 29, then b* = 29916 — 29° = 5527 which 
is not a perfect cube of an integer. Thus a = 31 and 
b? = 29916 — 29791 = 125 = 5°. Thus for the primes 
(2, 3, 5, 7, 13, 31) , sum of cubes is 32491. 

Any permutation of (2,3, 5,7, 13,31) is a solution to the 
problem. 


7. a,b,c are non negative real numbers such that a+b+c = 
1. Prove that 


\/ 120a8 + 13608 + 4/1208 + 136c8 + */120c8 + 136a8 > 2 


For any positive real number /z denotes the positive 
8th root of xz. For example, 6561 = 3. 
Solution The square mean inequality 


az +az+---+a2 5 Utaar' tan 


mr nmr 


is a direct consequence of Cauchy Schwartz inequality 


applied to 
1 1 1 
(Qa, Q2,...,@n), (age) 
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It can also be seen as follows: 
We need to prove: 


1<] 


Consider 


(a, — az)? + (a, — a3)? +-+-+ (a, — Qn)* 


(a2 — a3)* + --- + (a2 — an)? 


Expanding the left hand side we obtain the desired 
inequality. 
Applying the inequality repeatedly, we have 


(pee beeen ab > tot te 
2 a? ra eee ‘+a 
V n 


ay +ag+::-+@4n 


IV 


2 
nr 
Now, 
120 tzmes 136 times : 
8({ ee a kn 
8 8 8 8 8 
ee b b sae 
pos so =| ee 
296 
120 trmes 136 times 


Smee, ——— 
atat---+atb+b4+---+b 
256 


IV 
bo 


=. 120a + 1366 
7 256 
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Similarly, 


256 


12 136 
V 120c8 + 136a8 > 2 (Sa) 


1 
V 12068 + 136c8 > 2 (SR) 


206 


Adding, 


*/120a8 + 13608 + */120b8 + 136c8 + + 120c8 + 13628 


> 9 120a + 1366 ae 1206 + 136c es 120c + 136a 
256 256 296 
=2 


8. Each vertex of a regular 19-gon is colored blue or red. 
Prove that there exist two congruent quadrilaterals such 
that all their vertices are of the same color. 

Solution There are at least 10 vertices with the 


same color. From these we can form 4 = 210 


| quadrilaterals. Let the set of these quadrilaterals be A. 
Now consider the image of these under rotations around 


the center of the 19-gon that map the 19-gon to itself. We 
10 


obtain an additional 19 x re i 3990 quadrilaterals. 
The total number of quadrilaterals that could be formed 
from the vertices of the 19-gon is . = 3876. 
Since 3990 > 3876, it follows that one of the rotated 
quadrilaterals must coincide with a quadrilateral in H. 
Thus we have two congruent quadrilaterals with vertices 
of the same color. 


ARYABHATTA CONTEST 
SENIOR 


1. How many positive integer multiples of 1001 can be 
expressed in the form 10% — 10°, where i and j are 
integers and 0<1i1< j < 99? | 
Solution 107 — 10° = 10*(109-* — 1). Since 1001 is 
prime to 10° for any i, we need 1001 = 10°+1 to 
divide 109-*—1. Clearly, 10°—1 is divisible by 10?+1. 
Since 


10* — 1 = (108 — 1) (10°-1 oo (ae eee 1) 


it follows that 7 —7 is a multiple of 6. We now show that 
1001 divides 10” —1 only if m is a multiple of 6. 

Let m be not a multiple of 6. Suppose m = 6a-+ b, 
where 1<0< 5. Then 


10” — 1 = 10 - 10° — 1 = 10°(10® — 1) + (10° — 1) 


It is easy to see that 10°—1 does not divide 10°—1 for 
1<b<5. 

Thus we have 7 —i = 6k and j < 99. Thus the possible 
values of (i,7) are 


(0,6), (1, 7), (2,8),..., (93, 99) 
(0, 12), (1, 13),..., (87, 99) 


(0, 96), (1, 97, (2, 98), (3, 99) 


and hence we have a total of 944+ 88+---+4 = 784 


numbers. 


2. Find nine real numbers whose sum is 3, and such that the 
sum of any 6 of these numbers is strictly greater than 2. 
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Solution Suppose that there are real numbers 
41,22,...,29 Satisfying the condition of the problem, so 
that x1 +2%2+-:-+29 =3. There are 84 different ways 
of choosing 6 numbers from 21,22,...,X9, SO we get 84 
sums 91, 52,..., S64, each of which satisfies S, > 2. Fix 


7, where 1 < j < 9. Of these 84 sums, exactly ) 


contain z;. Indeed, if x; is already in a collection of 6 
numbers out of 2), 22,...,29, then the remaining 5 have 


8 
to be chosen out of the remaining 8 in , } ways. Thus 


Since each S; > 2, we have (5) = xr; > 168 giving 
3= aa 3 > = = 3, a contradiction. 

3. Harish, Kaviya, and Uma paint a very long picket fence. 
Harish starts with the first picket and paints every hth 
picket, Kaviya starts with the second picket and paints 
every tth picket and Uma starts with the third picket 
and paints every uth picket. Call the positive integer 
100h + 10¢ + uw paintable when the triple of positive 
integers results in every picket being painted exactly once. 
Find the sum of all the paintable integers. 

Solution Note that it is impossible for any of h,t,u to be 
1, since then each picket will have been painted one time, 
and then some will be painted more than once. h cannot 
be 2, or that will result in painting the third picket twice. 
If h = 3, then ¢ may not equal anything not divisible by 
3, and the same for u. Now for fourth and fifth pickets to 
be painted, t and u must be 3 as well. This configuration 
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works, so 333 is paintable. 

If h is 4, then t must be even. The same for u, except 
that it can’t be 2 mod 4. Thus wu is 0 mod 4 and tf is 
2 mod 4. Since this is all mod 4, t must be 2 and u 
must be 4, in order for 5,6 to be paintable. Thus 424 is 
paintable. 

h cannot be greater than 5, since if that were the case 
then the answer would be greater than 999 , which would 
be impossible. Thus the sum of all paintable numbers is 
333 + 424 = 757. 


. Find all polynomials P(z) with integer coefficients such 


that P(1) =2 and P(3)=1. 
Solution Let P(x) = agz” + ayx""! +.---+ an, where 


a; are integers. We have 


2= P(1)=ap+a,+---+ay, 
1 = P(3) = ap3" + a13"-1 4+. --- + an 


Subtracting, 
—1 = ap(3” — 1) + a) (377* — 1) +--+ + an_1(3 - 1) (1) 
Since 
3k —1 = (3-1)(3* 143"? 4.--41) 


each term on the right hand side of (1) is a multiple of 2 
where as the left hands side, —1, is not a multiple of 2. 
Hence no such polynomial exists. 


. Let rz = 0,2; = 1 and let Ox a< 2. Forn2>1, 


consider the sequence defined recursively by 2%n41 = 


QLn + (1—a)Xn_1. Find limn-4 In. 
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Solution We have 


(a — 1)?(tn-1 — In_2) 


| 


(a 4 1)" (ay — 20) = (a- 1-3 


: 


n 


Sa So (ck ~ Xp_-1) + Xo 
k=] 


= IC —1)*-1 
k=1 


Since 0 < a < 2, we have {a —1| <1. Hence 


Hence 


Oo 
= k-1 
er ees 
_ 1 _ 1 
~~ 1l-(a-1) 2-a 


. A variable circle T' in the zy-plane is tangent to the zx - 
axis and meets the y-axis at the points P and Q. Ifthe 
circle varies in such a way that the length of the segment 
PQ is always 2, determine the locus of the center of the 
circle I’. 

Solution Let the center of I be (21,y;). I touches 
the X axis at A(z,,0). Note that points P,Q will have 
coordinates (0,y,:—1) and (0,y:+1) since PQ = 2. If O 
is the origin, then OP-OQ = OA? gives (yi: +1)(y1—1) = 
a? and hence y? — x? = 1. The locus is the rectangular 
hyperbola, y? — 27 =1. 


. Let f be a positive and continuous function defined on 
the real line and satisfies f(x+1) = f(x) for all x. Find 
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the least possible value of 


if —_ f(x) | 
f ( xr+ faa) 
Solution 


'_f@)_ 4 Oy 

eee) =f 5 fos ‘fg eh ae 
2 he 2 f (x + 4) 
; a ; FCe ey al 


_f?(_f@)_ f(e+)))\ 
7 (fon + EHD) 
f(z +3) 

a) f (e+) 


0 f (x 
z 
=| 2dz = 1 
0 


Hence the least value of the integral is 1. 


. An unfair coin has probability p of coming up heads 


on a single toss. Let w be the probability that, in five 
independent toss of this coin, heads come up exactly three 


times. If w= 625 find a possible values of p. 


Solution Given that (3) p(1—p)? = ase and hence 
pr(1 —p)* = a3 Let F'(p) = pr(1 — p)? . Now, 


72 1 1 72 72 
B(0) = 0 < 33959 FD) = 39 > gag FO) = 9 < Si9e 
Hence by Intermediate value theorem, there are two 
values of p for which Fp) = 3195 In fact, when 


2 
= 2/5 we have F(p) = 5195: The other value of 
p lies between 0.5 and 1 and is irrational. 


ASSOCIATION ACTIVITIES 


Minutes of the General Body meeting 


The General Body meeting was held on 28.12.2019 in 
Vevekananda Kendra, Kanyakumari at the venue of 54th 
conference of the AMTI. Twenty seven members were present. 


1. The meeting commenced with the prayer by Ms. Sindhu. 
In the absence of our President, our Executive Chairman 
Prof. Dr. J. Pandurangan welcomed the gathering after 
that our General Secretary Dr. M. Palanivasan requested 
him to preside over the meeting. 


2. Our former Junior Mathematician Editor Sri N. 
Balasubramanian has expired. A condolence resolution 
was passed. 


3. Minutes of the last General Body meeting was then 
read by the General Secretary with compliance report or 
inability to take some steps. It was adopted unanimously. 


4. Audited account for the year 2018-19 was perused by 
the members. The General Secretary informed that Rs. 
50 Lakhs was kept in fixed deposit in Punjab National 
Bank, Triplicane, Chennai. Sri R. Athmaraman raised 
some clarification about RMO account and it was cleared 
and also he requested to merge PKS JM award and PKS 
memorial award. Because of different donors, it could 
not be merged. Dr. M. Kumarasamy requested to fix the 
salary for our office staff members as decided in the EC. 
The audited accounts were adopted unanimously. 
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5. The following details of workshop was presented by the 
General Secretary. 
TEACHERS May — 06, 07, 08, 09 - 2020 
PRIMARY May — 13, 14, 15, 16 - 2020 
SUB-JUNIOR May - 20, 21, 22, 23 - 2020 
RMO GROUP May - 27, 28, 29, 30 - 2020 


6. Mr. G. Gnanasundaram and other members suggested 
to send email about the popular lectures to the nearby 
location members. 


7. Mr. R. Athmaraman suggested some repair works to be 
done in our project office. 


8. Dr. Kumarasamy suggested to install CCTV cameras in 
Triplicane and Project office immediately for the safety 
propose. 


9. It has been unanimously decided to increase the fees as 
follows. 


(a) Individual - Life membership from Rs. 500 to Rs. 


1000. 

(b) Institution - Life membership from Rs. 1000 to Rs. 
1500. 

(c) Junior Mathematician life members from Rs. 250 to 
Rs. 500. 


(d) Workshop fee for four days as follows. 


i. Day scholar : Rs. 1750/- 
ii. Hostel : Rs. 3000/- 


It will be implemented form 01.04.2020 


10. The General Secretary requested all the members to 
popularize our AMTI in all parts of India. 
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11. 


12. 


13. 


14. 


15. 


16. 


Dr. R. Sivaraman mentioned his inability to continue 
as the Academic Secretary and ready to continue as the 
editor for Junior Mathematician. The General body 
has accepted and relinquished him from the Academic 
Secretary. 


Mr. P. Ramesh requested to provide identity card and 
T-shirt for all the Executive committee members. 


Dr. Anna Neena requested to conduct our 55th Annual 
Conference in their institution at Goa. 


Mr. R. Athmaramam requested to relieve him from 
Junior Mathematician editor and Dr. R. Sivaraman has 
accepted to continue as the editor, Junior Mathematician. 
In order to recognize Mr. R. Athmaraman’s memorable 
service to our AMTI for the part 55 years, he has been 
elected as the PATRON of our AMTI in the Executive 
Committee and the same was approved in General Body. 


Mr. P. Ramesh requested in the Executive Committee 
meeting his difficulties to continue as the Secretary for 
Popular Lecture, the Executive committee accepted and 
elected Dr. Kumarasamy as the Secretary for Popular 
Lecture. It was approved in General Body. 


Treasurer Mr. V. Sundaramurthy proposed vote of 
thanks. 
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A Report of the on-line Executive Committee 


Meeting 


28th May 2020, through Zoom App, commencing at 6:30 pm. 


The following members participated in the meeting: 


12. 


. Prof J Pandurangan 

. Dr. Hemalatha Thyagarajan 
. Dr. Yuvaraj 

. Dr M Palanivasan 

. Shri R. Athmaraman 

. Dr P. Bhakthavatchalu 

. Shri Bhas Bamre 

. Shri Solanki 

. Smt Jayapriya 

. Shri Ramesh 


. Shri P V Swaminathan 


Shri B N Shiv Shankar 


The meeting was presided over by Prof J Pandurangan, 


Executive Chairman. 


1. 


Summer Workshops: 

The secretary pointed out to the members that we 
normally hold Summer Workshops, at out Perungalathur 
Campus, for students and teachers, during the month of 


Association Activities 93 


May every year. Because of Covid 19, it has become 
impossible to organize the same this year. Many students 
have already enrolled for the course and also have paid 
the fees. There have been enquiries if any modified 
arrangements have been planned. 

The secretary suggested conduct of on-line classes which 
could substitute to some extent the essence of the 
workshop. Shri Ramesh opined that it is workable; he 
has found it to be feasible through the on-line classes 
he conducts for his school children. The suggestion was 
welcomed by Shri Bhas Bamre and Smt Jayapriya. 
After discussion it was decided to arrange on-line classes 
for Sub-junior, Junior and Inter levels. The secretary was 
authorized to organize the courses in consultation with 
experts available with us. 


2. NMTC: 

Dr Hemalatha Thygarajan, Secretary for Talent Tests, 
informed that it is tentatively decided to hold the RMO 
Examinations by 11th October 2020. She felt that 
it would be better to conduct the first level NMTC 
examinations of AMTI during the third or fourth week of 
October. After discussion it was decided to conduct the 
first level NMTC contest during the last week of October, 
since the date of reopening of schools for the academic 
year is yet to be announced by the Government. The 
dates for the final level examinations could be decided 
later. 


3. Annual Conference: The secretary pointed out that 
AMTI’s Annual conferences have been conducted so far 
without any break. The General Body Meeting has to be 
organized during the conference. Hence even if there are 
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some difficulties, we have to find ways of conducting it. 
After discussion, it was decided to have the conference 
this year at Chennai itself, conforming to the 
social-distance criterion and other stipulations of the 
Government. | 

The on-line meeting concluded with vote of thanks by the 
Secretary. 
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54th Annual Conference of AMTI at Vivekananda 
conference on 27,28 & 29 December 2019. 


Day -— I 

The 54th Annual Conference of our AMTI was held at 
Vivekanandha Kendra, Kanyakumari, Tamilnadu on 27 to 29 
December 2019 in a grand manner. There were 159 registration 
and 139 delegates were attended. The inaugural function 
was started with prayer. Our Executive Chairman Dr. J. 
Pandurangan welcomed the gathering. General Secretary Dr. 
M. Palanivasan submitted the annual report in detail. Shri. 
P.Pandaram, Scientific officer, Kudangulam Power Project was 
the Chief Guest for the Inaugural function. He released the 
souvenir and also a book “VILAYAATTIL GANIDHAM” in 
Tamil written by Dr. P. Sivaraman and gave very motivational 
address to the teachers and students. Shri. Abraham Lingam, 
Principal Vivekandra Kendra Matriculation School was the 
Guest of honour. 

After the Inauguration address, Dr. J. Lidson Raj of Govt. 
College of Teacher Education, Trivandrum presented Prof. A. 
Narasinga Rao memorial lecture, a very impressive talk on 
the topic “Math learning in the Constructive paradigm”. (It 
may be recalled that this lecture is always devoted to math 
education at school level). 

Paper presentation sessions were held in two halls chaired by 
Dr. S.R. Santhanam and Prof. Dr. J. Pandurangan. Post 
lunch session was dominated by the paper presentation. After 
that a written test, a prelude to the oral Quiz scheduled to 
be held on the final day was conducted. The final program 
was visit to math exhibition the teachers and students of 
Vivekanandra Mat school have arranged a beautiful and useful 
math exhibition in their school. 
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DAY-2 

The second day programme was started with paper 
presentation by teachers and students. After that in the 
sequence was Prof. P.L Bhatnagar memorial Lecture (usually 
dealt on applied mathematics) on “Strategies I liked most 
in proving theorems and solving problems” by Prof. Dr. 
R. Baskaran, Dean, Infant Jesus college of Engineering, 
Keelavallandu, Thoothukudi Dt. All the delegates were enjoyed 
and appreciated the lecture. 

After that paper presentation took place. The subsequent 
talk was Prof. Ganapathy Iyer memorial lecture (Theme talk) 
by Dr. Anna Neena George from Dr. Dada Vaidya College 
Of Education Goa on the topic “Mathematics Education: a 
rethinking for the 21st century”. The talk was more informative 
one. After lunch the subsequent talk was Prof. R.C. Gupta 
Endowment lecture (history of maths.) Prof. Dr. Srinivas 
Kotyada from Institute of Mathematical Science,Chennai 
prested the above lecture on “some musings on prime”. The 
lecture was more impressive.Panel Discussion on the theme 
of the conference was the next item where many interesting 
observations were made. 

Then the General Body of the AMTI met with 27 members 
attended. Audited accounts for 2018-19 was submitted and 
accepted. Many points were discussed and some resolutions 
passed in Executive Committee were accepted in the General 
Body. 

DAY-3 

The last day programme was started with paper presentations 
16 delegates consisting of 4 teams were selected, based on their 
written quiz and participated in the oral quiz led by quiz master 
Sri. R. Athmaraman. The winners were given prizes in the 
valedictory function withRs.1000/- each for 4 as first prize, 
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Rs.750/- each for 4 as second prize and Rs500/- each for 4 as 3rd 
prize from the endowment created by Prof. V. Krishnamurthy 
formerly of BITS, Bilani in the name of his illustrious Prof. K 
Ganapathy Iyer. 

Short communication and open session were noted some 
important pedagogical problem. The Valedictory function had 
Shri. M.S. Suresh, Chief Construction Engineer, Kudangulam 
Power Project and a well known Mathematician Dr. _ S. 
Arumugam Director n-CARDMATH Kalasalingam University 
as the Chief Guests. They enlighted the use of mathematics 
in science and research. Prize money were distributed to the 
quiz winners by the Chief Guests. The three days conference 
was concluded with the vote of thanks given by our General 
Secretary Dr. M. Palanivasan. 
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Self Numbers 


Manu Param 


8th Grade, Mentored by 
Raising a Mathematician Foundation 


Self Number 


Let us define the function sum(x) = the sum of the digits of 
any real number z. Define f(z) = 2+ sum(z). Starting with 
areal number z, we apply the function f repeatedly to get an 
infinite sequence S(z) = {z, f(x), f(f(x)),..., }. Any number 
N that is NOT in the above list S(z) for any 1,0<2<WN 
is called a self number. For example, 1,3,5,7 are self numbers 
whereas 2 is not, since 2 = f(1). In this paper, we study 
various algorithms to find self numbers. We will also compute 
the efficiency of these algorithms. There appears to be some 


pattern in these numbers and we will indicate those as well. 


Algorithms for computing self numbers 


We describe algorithms to compute self numbers in a given 


range 0 to N, where JN is a positive integer: 


Set Algorithm This algorithm follows the definition of self 
number by calculating f(z) for all of the numbers in the range. 
We put these values in a set and find out the values that are in 


the range but are not in the set. 


Though it calculates f(z) only once per number, this is not as 
fast as it might seem, since it requires looping through the set 


again to find the values that are not in the set. 
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Calc Algorithm This is a specialization of the Set algorithm 
where it focuses on calculating whether a given number is a 
self number or not. The determination of whether a specific 
number WN is aself number or not is done as Set Algorithm by 
taking the range as 0 to N —1 and calculating f(x) for this 
range. The key difference is that we do not create the set nor 
do a search in the set but do the comparison and determination 
as we calculate f(z). If any f(z) = N then NV is not a self 
number and if in all f(z) of range 0 to N —1 did not result 
in N,then JN is a Self number. 


Optimal Calc Algorithm A variation of the Calc Algorithm 
can improve the computation drastically for large numbers. 
This improvement is based on the fact that z+ sum(zr) < N 
for all xz < 9 x number of digits in N. Hence rather than 
calculating f(z) from 0 to N —1 as in Calc algorithm, we 
can calculate from N — 9 x number of digits in N. This will 
result in a reduced number of calculations. For example, for 
N = 1000, the number of calculations will reduce from 1000 to 
36. 


The Optimal Calc algorithm helps to generate Self numbers for 
higher order numbers without having to start from 1. This also 


helps to evaluate the patterns at self numbers beyond 109. 


Running time is the time it takes for an algorithm to run. It is 


in terms of the input size n. 


1. The set algorithm that has an elimination function is 
O(n?) because we have to loop through the set n times 


for each of the n elements. 
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2. The Calc algorithm, is O(n* logn) because it takes logn 
for adding digits and n squared for looping through the 
numbers twice. So, this explains why it is slower than the 
other method. 


3. The optimial calc algorithm takes logn instead of n for 


each number so the running time is O(n log logn) . 


The following table compares the efficiency of these three 


algorithms (all times in seconds): 


tf @ | o |e |, 
0.03000 

T= T0000 [rise80s46 | — «| «i094? 
Running Time 


Patterns in self numbers 


Set Alg Calc Alg | Opt Calc Alg 
| 0.03999 | 


Identifying a pattern to incrementally generate the self number 
will give an efficient algorithm. The pattern for self numbers 
changes depending in the range of the numbers. The pattern 
for Self numbers has an underlying formula of 10 +1. We 
have split the pattern around these boundary points. There 
does not appear to be a uniform pattern for all the numbers 
and the pattern changes depending on the number of digits K 


in the number. 


1. K = 0: The least self number is 1 and subsequent 
numbers can be obtained by adding 10* + 1 = 2 to this 
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number. Thus the self numbers in this range are the odd 
numbers. 


2. K = 1: Pattern continues with the addition of 11, 9 
times from 9, until we get to 108 


3. K = 2: A 2 is added to get the next self number 110. 
This is followed by the K = 1 pattern of 11’s, 9 times. 


Combining the two we get 2+ 9-11 = 101 our base 
number. 


This pattern of 101 repeats 8 times till we get to 916. 
4. Kk =3: The pattern has following steps in this part 


(a) A 2 is added 


(b) Then the pattern continues with increments of 11’s 
for 8 times 


(c) Then 15 is added 
(d) Followed by increments of 11s, 8 times 


(e) The above four steps are followed by the K = 2 
pattern listed in K = 2, 8 times. 


These 5 steps above gives the base number 
(2+8-11)+(154+8-11)+8-(24+9-11) = 1001 


This overall pattern of 1001 repeats 9 times till the next 
transition point. 


5. K = 4: The pattern has the similar steps as in K = 3 
pattern plus an additional step 


(a) A 2 is added 
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(b) Then the pattern continues with increments of 11’s 


for 7 times 
(c) Then 28 is added 
(d) Followed by increments of 11s, 7 times — 


(e) This is followed by the 101 pattern listed in K = 2, 


8 times 
(f) And finally, the 1001 pattern listed in K = 3, 9 


times 


These 6 steps gives us the next base number 
(2+7-11)+(28+7-11)+8-(2+9-11)+9-(1001) = 10001 


This overall pattern of 10001 repeats 9 times to reach the 


next transition. 


. K = 5: The pattern has the similar steps as in K = 3 
and K = 4 pattern plus an additional step. 
(a) A 2 is added 


(b) Then the pattern continues with increments of 11’s 


for 6 times 
(c) Then 41 is added 
(d) Followed by increments of 11s, 6 times 


(e) This is followed by the 101 pattern listed in K=2, 8 


times 
({) Then the 1001 pattern listed in K = 3, 9 times 


(g) And finally, the 10001 pattern repeats 9 times 
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These 7 steps gives us the next base number 


(2+6-11)+(41+6-11)+8-(2+9-11) 
+9- (1001) +9- 10001 = 100001 


This overall pattern of 100001 repeats 9 times to reach 


the next transition. 


Generalizing the K = 3,4,5 pattern, following steps repeat for 
K = 3,4,5,...10: 


1. First a 2 is added 


2. Then the pattern continues with increments of 11’s for 
9 — (K — 2) times 


3. Then 2+ 13(K — 2) is added 

4. Followed by increments of 11s for 9 — (AK — 2) times 
5. This is followed by the K = 2 steps 8 times 

6. And every pattern before from K =3 to K -1 


7. And all the above steps are repeated 9 times. 
Conclusion 


On Evaluating the numbers including the higher order 
numbers, there seems to be a repeating scheme but it has some 
anomalies that makes it difficult to determine a global] pattern, 


thus far. The open questions that are worth looking into are: 


1. Evaluating patterns for numbers beyond 10!2. It looks 
like the 2+10-13 = 132 is split into 12 11’s and hence 11’s 


10 
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are just added. These higher orders have to be generated 
and analyzed. 


2. Find a global pattern. 


IMO 2021 


The 62nd International Mathematical Olympiad (IMO) 2021 
hosted by St. Petersburg, Russia was held in the online mode 
during 14-24 July, 2021. The IMO organizers have allowed 
students of countries severely affected by the Covid pandemic 
to take the examinations from their homes, under continuous 
video surveillance. Accordingly, Indian students participated in 
IMO from their respective homes using the Victorian Protocol 
and SOPs laid down by the IMO and HBCSE. As per the IMO 
Board protocol, 10 IMO Commissioners (8 + 2 standby) were 
appointed by HBCSE to represent the IMO Board and the 
commissioners took the responsibility of conducting the exam 


and monitored the whole proceedings of the IMO in India. 


It is a pleasure to note that the Indian team secured 1 GOLD, 1 
SILVER & 3 BRONZE Medals in IMO 2021. Pranjal Srivastava 
secured his second IMO Gold Medal this year (he had secured 
1 Gold (IMO 2019) and 1 silver (IMO 2018) to his credit prior 
to IMO 2021). He becomes the first Indian student to win 
2 Gold medals at the IMO. He is eligible to contest for IMO 
2022. Anish Kulkarni secured a Silver Medal missed a Gold 
by 1 point. Rohan Goyal, Ananya Ranade and Suchir Kaustav 


won Bronze medals. 


63rd International Mathematical Olympiad will be hosted in 
Oslo in 2022. 
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Problems 


Problem 1. Let n > 100 be an integer. Ivan writes the 
numbers n,n + 1,...,2n each on different cards. He then 
shuffles these n + 1 cards, and divides them into two piles. 
Prove that at least one of the piles contains two cards such 


that the sum of their numbers is a perfect square. 


Problem 2. Show that the inequality 


S> So |ai - 25 <S°S 0 |xi +25] 


i=1 j=l i=1 j=l 


holds for all real numbers 27j,...,2n. 


Problem 3. Let D be an interior point of the acute triangle 
ABC with AB > AC sothat ZDAB = ZCAD. The point 
E on the segment AC satisfies ZADE = ZBCD, the point 
F on the segment AB satisfies 72F DA = ZDBC, and the 
point X on the line AC satisfies CX = BX. Let O, and 
O2 be the circumcentres of the triangles ADC and EXD, 
respectively. Prove that the lines BC,EF, and O,QO 2 are 


concurrent. 


Problem 4. Let I be a circle with centre J, and 
ABCD a convex quadrilateral such that each of the segments 
AB,BC,CD and DA is tangent to [. Let (2 be the 
circumcircle of the triangle AJC’. The extension of BA 
beyond A meets 2 at X , and the extension of BC beyond 
C' meets 2 at Z. The extensions of AD and CD beyond D 
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meet 2 at Y and 77, respectively. Prove that 
AD+ DT+TX+XA=CD+DY+YZ4+ ZC. 


Problem 5. Two squirrels, Bushy and Jumpy, have collected 
2021 walnuts for the winter. Jumpy numbers the walnuts from 
1 through 2021, and digs 2021 little holes in a circular pattern 
in the ground around their favourite tree. The next morning 
Jumpy notices that Bushy had placed one walnut into each 
hole, but had paid no attention to the numbering. Unhappy, 
Jumpy decides to reorder the walnuts by performing a sequence 
of 2021 moves. In the k-th move, Jumpy swaps the positions of 
the two walnuts adjacent to walnut k. Prove that there exists 
a value of k such that, on the k-th move, Jumpy swaps some 


walnuts a and b such that a<k<b. 


Problem 6. Let m > 2 be an integer, A be a finite set of 
(not necessarily positive) integers, and Bj, Bo, B3,...,Bm be 
subsets of A. Assume that for each k = 1,2,...,m the sum 
of the elements of B, is m*. Prove that A contains at least 


m/2 elements. 
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Inder K. Rana 


Emeritus Fellow, Department of Mathematics, 
I.1.T. Bombay Mumbai 400076 
December 17, 2019 


Abstract 


As president of the Association of Mathematics 

Teachers of India (AMTI), I welcome you all to the 54” 
ANNUAL CONFERENCE- 2019 —- AMTI. I my talk, I 
will present how GeoGebra can be used effectively in the 
class room to promote Higher Order Thinking”. 
There is a great deal of GeoGebra-related information 
material on the Web that focuses on the technology - 
how to use the various features and tools in GeoGebra. 
The purpose of the article is to illustrate how Geogebra 
can used to develop mathematical thinking in for the 
learners. We give examples to illustrate the strategies 
suggested. 


1 Introduction 


There is a great deal of GeoGebra-related information on 
the Web that focuses on the technology — how to use the 
various features and tools in GeoGebra. But what specific 
teaching methods, strategies, or models can be used to organize 
GeoGebra-based instruction? We feel the potential of Geogebra 
is highly under utilized. Most of the content that is available, 
and is being developed, is for illustrations of mathematical 
facts. This can be bracketed under the Van Hiele model as Level 
0 activities. In mathematics education. the Van Hiele model 


is a theory that describes how students learn geometry(van]. 
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According to this theory there are five levels of thinking or 


understanding in geometry: 


1. Level 0: Visualization. 
2. Level 1: Analysis. 


3. Level 2: Abstraction. 


ney 


. Level 3: Deduction. 


5). Level 4: Rigor. 


There are a very few activities that dwell upon promoting 
mathematical thinking, which are the remaining levels of the 
theory refers to (One can also think of these as” HOTS”: Higher 
Order Thinking Skills [bloom]}). 


The aim of this article is to present GeoGebra activities that 
lead to Analysis, Abstraction, Deduction and have Rigor. An 
activity can be teacher led classroom activity. This can promote 
math talk in the class room. It can be a small group activity, 
promoting collaborative learning and independent thinking. 
As an independent self activity, it will promote independent 
thinking and introduction to search and research. Let us point 
out that each conclusion arrived at through an activity need to 
be supported by mathematical proof. The GeoGebra activities 


are categorized as: 


e Illustrating, Representing and Understanding. 
e Exploring, Conjecturing and Proving. 


e Modelling and Formulating. 
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2.2 


2.3 


2.5 
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Sample activity 


Resource type: Illustrating, Representing and 
Understanding 


Activity: Medians of a triangle 


Suitability of the Activity: 


. Teacher led class room activity. 
. Small group activity. 


. Independent self activity. 


Pre-requisites: 


. Basic GeoGebra competency. 


. Knowledge of medians of a triangle and its properties: 


The segment joining a vertex and the mid-point of the 
side opposite to it is called a Median of the triangle. The 
medians of a triangle meet at a point and the is point 


divides each median in the ratio 1: 2. 


Objectives 


. To illustrate the fact the medians are concurrent and that 


the point of concurrency devides each median in the ratio 
224. 


. To strengthen the conceptual understanding of the fact 


that the medians are concurrent and that the point of 


concurrency divides each median in the ratio 2: 1. 
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2.6 Suitability of the Activity 
1. Teacher led class room activity. 
2. Small group activity. 


3. Independent self activity. 


2.7 GeoGebra applet 1 


e Construct a triangle by joining three points. 
e Construct the three medians, they will be concurrent. 


e Move the vertices to verify that medians always pass 


through the same point. 


e Using algebra view verify that the point of concurrency 
called centroid will always divide the medians in the 
required ratio of 2: 1. 


2.8 Action and Conclusions 


1. Move any one of the vertices to observe that the medians 


always remain concurrent. 
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2. The centroid, the point of concurrency, always divide the 
medians in the required ratio of 2: 1. 


This is an illustration of the facts proved in the class. 


3 Sample activity 


3.1 Resource type: Illustrating, Representing 
and Understanding 


3.2 Topic: Medians of a triangle 
3.3. Suitability of the Activity 

1. Teacher led class room activity. 

2. Small group activity. 


3. Independent self activity. 


3.4 Pre-requisites 


1. Basic GeoGebra competency. 


2. Knowledge of medians of a triangle and its properties. 


3.5 Objectives 


To strengthen the conceptual understanding of the fact that 
the medians are concurrent. Consider a triangle ABC’ with 
medians BF and CD intersecting at a point G. Show that 
the a line AG will intersect at the midpoint of side BC. 
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3.6 GeoGebra applet 


e Construct a triangle ABC’ by joining three points. 


e Construct any two medians, say from vertices B and C, 


and find there point of intersection, say G. 


e Take a point FE outside the triangle and opposite to the 
third vertex A on the side BC. 


e Draw a line through A and E. 


3.7 Action and Conclusions 


e Moves the point £ so that the line passes through G. 


e Observe that the point of intersection of AE and BC 
becomes the mid point of BC’ when it passes through 
the point G. 


This will reinforce the conceptual understanding of concurrency 


of the medians. 
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3.8 Proving mathematically 


Given a triangle ABC with medians BF and CD 
intersecting at a point G. Show that the a line AG will 
intersect at the midpoint of side BC. | 
Proof: 

By the mid point theorem both BDFE and CEDF are 


parallelograms, implying 1/2AB = DE = BE =CC. Q.E.D. 


4 Sample activity 


4.1 Resource type: Exploring, Conjecturing and 
proving | 


4.2 Suitability of the Activity: 
1. Teacher led class room activity. 
2. Small group activity. 


3. Independent self activity. 
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4.3. Topic: Medians of a triangle 
4.4 Pre-requisites 

1. Basic GeoGebra competency. 

2. Knowledge of medians of a triangle. 


3. Knowledge of the fact that the area of a triangle equals 
half of the product of base and height. 


4. Basic GeoGebra competency. 


4.5 Objectives 


e To strengthen the conceptual understanding of the fact 
that a median of a triangle is a line segment from a vertex 
of the triangle to the midpoint of the side opposite that 
vertex. 


4.6 Geogebra applet 
e Construct a triangle ABC. 


e Draw a median AD. Let us observe (using algebra view 
that the median divides the triangle ABC’ in to two 
triangles ABE and AEC of equal areas. 


e Take an arbitrary point P on BC. 


e Construct triangles ABP and APC. 
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e Move the point P and observe relations between the area 
of triangles ABP and APC. Does it looks that the areas 
of triangles ABP and APC are equal if and only is the 
segment AP is the median? 


4.7 Conjecture: 


Given a triangle ABC, anda point P on BC, the segment 
AP is median if and only if P the two triangles ABP and 
APC have equal areas. 

Proof: 

First suppose P is the mid point of BC. Noting that all the 
triangles ABC, ABP and APC have same height, we have 


AABP = : = AABC = AAPC. 


Conversely, in case the two triangles ABP and APC’ have 
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equal areas, we have 
AABC = 2ABP, 


this implies that 2AP = BC, as the triangles ABC’ and the 
triangle ABP have the same height. Q.E.D. 
This gives an alternate definition of a line segment to 
be a of median! 


5 Sample activity 


5.1 Resource type: Exploring, Conjecturing and 
proving 


5.2 Suitability of the Activity: 
1. Teacher led class room activity. 
2. Small group activity. 
3. Independent self activity. 

9.3 Topic 


Medians of a triangle and their properties. 


5.4 Pre-requisites 


1. Basic GeoGebra competency. 


2. Knowledge of medians of a triangle and their properties. 
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3. Knowledge of the fact that the area of a triangle equals 
half of the product of base and height. 


4. Basic GeoGebra competency. 


5.5 Objectives 


1. To strengthen the conceptual understanding of the fact 
that the medians are concurrent and that the point of 


concurrency divides each median in the ratio 2: 1. 


Let us consider a triangle ABC with median AE. let G be 
a point on AF such that EG : GA = 1: 2. Let us draw 
the line through B and G and let it intersect side AC at 
J. What do you think about the segment BJ? Let us explore 
using GeoGebra applet 4 


The exploration with GeoGebra leads to the following 
Conjecture: 

Given a triangle ABC with median AE let G be a point on 
AE such that EG:GA=1: 2. Let the line through B and 
G intersect side AC at J. Then J is the mid point of AC. 
Proof: 
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Draw perpendiculars AK, ELI and CM as shown. 


Note that, since EG: GA=1:2, AABG =2 x ABGE. 


AK 


2x EL __...(becauseAABG = 2 x AGA =1: 2) 
= GM ...(by mid point theorem) 


Thus, triangles AGJ and CGJ have common base GJ and 
equal heights (AK = GM). Hence they have equal areas. 
Now consider these triangles AGJ and CGJ with common 
vertex G. This implies they have equal bases, i.e., AJ = JC. 
Q.E.D. 


6 Sample activity 


6.1 Resource type: Modelling and Formulating 


6.2 Suitability of the Activity: 
1. Small group activity. 


2. Independent self activity (project). 
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6.3 Pre-requisites 


1. Intermediate GeoGebra competency. 
2. Knowledge of medians of a triangle and their properties. 


3. Knowledge of the mid point theorem 


6.4 Objectives 


1. How the fact that the medians are concurrent and that 
the point of concurrency divides each median in the ratio 


2:1 can be used. 


2. Enhance mathematical thinking. 


6.5 Problem: Constructing triangles with given 
medians 


We know that the medians of a triangle are concurrent and the 
point of concurrency divides them in the ratio 2:1. we would 


like to answer the following questions: 


1. Can a triangle ABC’ be constructed three given line 
segments AD,BE and CE as medians? 


2. Is such a triangle unique? 


6.6 Modelling with Geogebra 


Given data: Medians AD, BE and CF. 
To construct: To locate the vertices A,B and C ofa triangle 
such that AD, BE and CF are its medians. 
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Step 1: 
Step 2: 


Step 3: 


Step 4: 


Step 5: 


> 
Le) 


Create three sliders a,b and c. 
Draw a line segment of given length AD, using slider a. 


Trisect it at points X and G. We want G to the centroid 


of our triangle. 


To locate the vertices B and C’ we first try to locate E 
and F the mid points of AB and AC, respectively. 


In case F is the mid point of AB and as X is the mid 
point of AG, we have 


1 1 
FX =-BG=-=BE 
2 . 30’ 


which is known. Thus F' lies on a circle with center X 
and radius 5BE = 30. The point F will also lie on a 


circle with center G and radius 
1 1 
F G = gvG = 3° 


which is also known. Thus F' is the point of intersection 
of two circles, one at center X and radius 5b and the 
other circle with center G and radius 5C. We draw these 


circles and locate points F. 


Similarly, the point E is the point of intersection of two 
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circles, one at center X and radius xc and the other 
circle with center G and radius $b. We draw these circles 


and locate points E. 


Step 4: To locate the vertex B, so that AX = FB and locate 
vertex C’, so that AE = EC. 


Step 6: Construct the triangle ABC. Draw medians AD, BE 
and CF. 


Step 7: Move any one of the sliders a,b or c to see that the 
constructed triangle ABC does have the given lengths 


as medians. 


7 Conclusions 
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Some musings on primes K. Srinivas 


Professor, 
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The fundamental theorem of arithmetic states that every 
integer n > 1 can be written as a product of primes in one 
and only one way, apart from rearrangement of factors. This 
is the reason why primes are also termed as building blocks 
of numbers (integers). Product of primes gives integers and 
every integer is obtained in this way! Primes exhibit strange 
properties. The distribution of primes is an important topic of 
study in number theory. They are strangely connected to the 
zeros of the Riemann zeta-function. We shall discuss some of 


these concepts in this lecture. 


Euclid, around 300 BC stated that there are infinitely many 
primes! We shall call this Euclid’s theorem. Euclid’s 
arguments to prove this statement is the most simple and 
elegant one to this day! The proof runs as follows. Suppose 
there were finitely many primes, say 2,3,5---,p. Then the 
number 

N=1+2x3x5xX-:-p 


will always give a prime, different from the primes listed above! 
Well, a positive integer is either a prime or composite, therefore 
N is either prime or composite. If N is prime, it is not equal 
to any of the primes 2,3,5,:--p as it is bigger than p. On 


the other hand, if N is composite, it will have a prime factor 


1Prof. R.C.Gupta Memorial Lecture at 54th Annual Conference 
Association of Mathematics Teachers of India (AMTT) 
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q which is not equal to any of the primes listed above. In 
either case, we managed to show the existence of a prime other 
than the finitely many primes assumed in the beginning. This 


contradiction establishes the theorem. 


One can also argue in the following way. Take a finite set of 
primes. The above argument gives a prime different from the 
ones taken in the finite set. The argument can be repeated 
ad infinitum. This also shows that there are infinitely many 


primes. 


There are several proofs of Euclid’s theorem. We shall discuss 


some other proofs below. 


Proof 2. Consider the Fermat numbers F,, = 22” + 1,n > 
One Z. If m#n then (Fp, F,) = 1. This can be seen as 


follows: 
Observe that if m>n say m=n+r, then 
Fm — 2 = 27" —1= (27")” —1 = (2?" +1) x an integer. (1) 


Here we have used the identity X2 —1 = (X +1)(x#-! - 
X-2 4 ...4 X —1). 


Thus, if (Fin, Fn) = d, then for m > n,d|Fm and d|F,. By 
(1), we get d|2. Thus, d=1 or 2. As the numbers F,,’s are 
odd, we obtain d= 1. 


Thus the infinite sequence of numbers F;, ’s have the property 
that no two of them have any non-trivial common factor, ie., 
each of them is divisible by a unique prime. This shows the 


existence of infinitely many primes. 
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Remark 1. Pierre de Fermat asserted that all the numbers 
Fr,n > O are primes. The first few numbers viz. 
3,5, 17, 257,65537 are indeed prime. However, Fy = 232 +1 
is not prime! In fact, Leonard Euler in 1732 showed that 
2324.1 = 4294967297 = 641 x 6700417. It is not known whether 
there is any other prime number of the form F, for N > 4. 
It is also not known whether there are infinitely many F;,’s 


which are composite numbers or which are primes? 


Remark 2. One may wonder how did Euler guess that 
641|2°2 + 1. Note that the naive way of determining whether 
a number JN is prime or not is to check whether any prime 
less than or equal to [VN] divides N or not. If none of them 
divides N, then N is prime! In Fermat’s era, there were no 
computers and hence this method would have been impossible 
to carry out. Euler, on the other hand used a very beautiful 


idea, which is as follows: 


Let p be a prime divisor of 237 +1. Then 


932 


—1 (mod p) 
or 2° = 1 (mod p). (2) 
Now consider the set S = {1,2,3,---p—1}. S isa group under 


multiplication modulo p. Let k be the order of 2 in S, i.e., 


k is the least positive integer such that 
2*=1 (mod p). (3) 


From (2), (3) and the definition of k, it follows that k|64. The 
divisors of k are 2,4,8,16,32 and 64. We see that k can not 
take the values 2,4,8,16 or 32. Therefore, k must be equal 
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to 64. Thus, the equation (3) can be rewritten as 
2° = 1 (mod p). (4) 


Now, by Lagrange’s theorem, which says that Jn a finite group, 
the order of an element divides the order of the group, noting 
that the order of S is p—1 (order of a group means the number 
of elements in the group), and from (4), we obtain 


64|p — 1 or p=l1 (mod 64). (5) 


Thus, if p is a prime factor of 232 +1, then p is destined to 
lie in the arithmetic progression 1 + 64/,! > 1. In the naive 
test described in the beginning, there was a humongous task 
of searching for a divisor among all the primes upto [VN ]. 
The Euler’s ingenious idea tell us that it is enough to look 
for prime divisors among the primes appearing in the number 
1 + 64,1 + 2 x 64,1+ 3 x 64,---. It so happens that the 
number 1 + 10 x 64 = 641 indeed divides 2° +1. In fact 
232 + 1 = 641 x 6700417. 


Arguing as above, one can show that if p|22° +1, then p=1 
(mod 2”+?). 


Proof 3. The following proof was given by Prof. Ken Ono at 
IMSc on Dec 19, 2019. 


Let z(n) denotes the number of primes upto n. Then the 
claim is 
m(n) > —1+ logn. 


Let us first write the primes in ascending order say 


Pi, P2,P3,::- . We observe that i) pj > 7 +1 and ii} logn = 
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f d= by comparing the areas, we infer 


1 2 
] pee ee 
“& 2 2 n 
If m(n) =k, then 
a 
logn < [| —>+ 
j=l Pj 
Now, as pj >j +1, ie, 1-3 >1- 5h = zh, we obtain 
Fei4] 234 k+i1 
l —_ = —--—.-.--———_ = k4+]= 1. 
cen <I] F io 3 ; + m(n) + 
Thus 
m(n) > —1+logn 
as claimed. O) 


This is analytic way of showing the infinitude of primes. Of 
course the number log 7n is a weak lower bound, but it is enough 
to show that as n — oo,a(n) — oo. The correct bound for 
m(n) is given by prime number theorem which we shall discuss 


in a moment. 
Euler’s proof. We first recall that the harmonic series 


» 


n=1 


S |e 


diverges. 


There are many proofs of this result. The following proof is 
very useful and the arguments can be applied in a more general 


set up. Recall that [ : f(x)dx denotes the area of the region 
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bounded by the lines z = a,z = b, the real axis and the curve 
y = f(x). Let us take f(z) = 1/x. Then, comparing the areas, 


we see that 


1234567891011 


It is clear that the sum and the integral both converge or diverge 


together. Since the integral diverges, it shows that the sum 
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Recall the well-known geometric series 


1 
Leas rs lz| <1. 


For s > 1, consider the infinite product 


1 1 ] 
Wtstatat) (6) 


a Pp 


taken over all primes. 


Note that on multiplication, the term ape will appear only once 
on the right hand side, coming from the factors 1x 535 X &, 
similarly the term cw will come from 1 x ats x ats and from 
nowhere else. 


In general, If we ignore the convergence of the infinite product 
(which it does!), then a typical term on the right hand side of 


(6) will look like 
1 


By fundamental theorem of arithmetic, the term ma will appear 
on the right hand side of (6) only once, for every positive integer 
k. We can thus write the product in (6) as $°S° 4 : 


Thus we obtain, from (6) and the discussions above, the 


following important identity 
(oe) —1 
1 1 
— = 1- — : 7 


Since both the series and the product converges only when 
s > 1, the identity is valid in the region s > 1. The identity 


(7) was invented by Euler, the series on the left is known as 
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Riemann zeta-function and is denoted by C(s). 


Now, here is one line proof of Euclid’s theorem from the Euler 
product (7): 


Suppose there were only finitely many primes, then the right 
hand side of (6) will be finite, where as the left hand side, 


as s — 1+ is infinite, since the harmonic series ) °°, 


n=l n 


diverges. 


In fact, Euler derived much more. ‘Taking logarithm on both 


sides of (7), we obtain 


log ¢(s) = - Soe (1-5), s>1l 
7 p 


Lvs 


p m>l1 
1 1 
i Da ee (8) 
Pp Pp m>2 
Here we have used the identity 
2 3 
-log(l-z)=2+ 5+ 54--, [2l<1. 


The second term on the rhs of (8) is bounded as s — 1* , which 
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can be seen as follows: 


1 1 
ppd ee 


P m>2 Pp m>2 
ea a 1 a ae 
a ha aie eee SO a 
<3 Lae ( ve \splaeS 
1 1 
ao < as s — 1t 
AT) dp 1) 
1 n 
2a 
nr 
Therefore, as s —> 1+, the rhs of (8) tends to 57,5, where as 


the lhs — co. Thus, we have shown that 


1 
S> — diverges. 
Pp 


Pp 


As a by-product, it also establishes that there are infinitely 


many primes. 


The significance of the above approach is that, it is amenable 
to generalizations. In fact, by considering a more general zeta- 
function (called Dirichlet L-function), Johann Peter Gustav 
Lejeune Dirichlet in1837 showed that the series 


1 e 
S- — diverges 
: P 
p=a (mod m) 


whenever (a,m) = 1. This, in particular, implies that there are 
infinitely many primes in the arithmetic progression a+m,a+ 
2m,a + 3m,--- whenever (a,m) = 1. This is the famous 


Dirichlet theorem on primes in arithmetic progressions. 


Georg Friedrich Bernhard Riemann considered (1826 - 1866) 
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the Riemann zeta-function ¢(s) as a function of complex 
variable s = 0 +it. He wrote only one paper in number theory 
of 7 pages, which is now known as Riemann’s memoire. In this 
paper, he investigated the analytical properties of ¢(s). While 
studying the complex zeros of C(s), i.e., numbers p = 8+ ty © 
such that ¢(p) = 0, he arrived at a conclusion: for y #0, 

1 

((B+iy)=0> B= 5° 
This statement is known as Riemann Hypothesis. It is one 
of the most important unsolved problems in the whole of 
mathematics. David Hilbert proposed 23 unsolved problems 
in the year 1900 with a desire that these problems will shape 
the future of mathematics. Riemann Hypothesis was one of 
them. Clay Mathematics Institute, Cambridge announced a 
prize of 1 million dollars for the proof or disproof of Riemann 


Hypothesis! 


One may wonder what is the importance of the study of the 
zeros of ¢(s)? One of the reasons is that the study of complex 
zeros and the study of distribution of primes are intimately 
connected. Even though primes are not distributed in any 
certain manner in the number line (there are arbitrarily large 
gaps between consecutive primes!), the prime counting function 
m(n) defined earlier shows rather uniform behaviour. Johann 
Carl Friedrich Gauss (1777 - 1855), a German mathematician, 
at the age of 14 made an interesting conjecture. Let (zx) 


denote the number of primes upto z. 
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Conjecture of Gauss: 
n(a) ~ Li(a) (9) 


where 


uite)= f = 2+ 72+ 
~ Jo logu logx 2(log x)? 


Later, Pafnuty Lvovich Chebyshev ( 1821 - 1894) showed that 
if 
AC? 
zoo r/ log x 


exists, then it must be 1. This supports Gauss’s conjecture 


(9). 


In 1896 de la Vallee Poussin and Jacques Salomon Hadamard 
(independently) proved the celebrated prime number theorem 
which can be stated as follows. But before that let us define 


the other two well-known prime counting functions: 


O(x)= So logp, v(r)= >> logp= > A(n), 
psx p™<ax n<z 
m>1 
where A(n) is the von Mangoldt function defined as 


_ J logp, if n=p™,m2>1, 
A(n) = { 0 otherwise 


Statement of prime number theorem (PNT). The prime 


number theorem (PNT) can be stated in the following three 
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equivalent forms. There exist constants c,,Cc2,c3 > 0 such that 


n(x) = [ a +O (aenevire? ) 


log u 
Wr) = £+O (cee) | 
w(z) = r+0O Cae | (10) 


Under Riemann Hypothesis, PNT takes the form: 
y(r) =zr+O («'/? (log )?) (11) 


The formula (10) is derived by using the fact the the Riemann 
zeta-function ¢(s) has no zeros in the region ‘slightly’ to the 
left of Rs = 1, whereas (11) is obtained on the assumption 
that ¢(s) has no zeros to the right of the line Rs = 3. 


Prime Number Theorem is one of the most important 
achievement of the 19th century mathematics. This has 


propelled lot of research in many areas of mathematics. 


Interested readers may refer to the excellent book An 
Introduction to the theory of numbers vy G. H. Hardy and E. 
M. Wright. The book by E. C Titchmarsh and D. R. Heath- 
Brown with the title The theory of the Riemann zeta-function 
and the book by A. Ivi¢ with the title The Riemann zeta- 
function: Theory and applications are excellent advanced books 


on Riemann zeta-function. 
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John Allen Paulos, Mathematician at Temple University, and 
Author of “A Mathematician reads the newspaper“ has stated: 
“Gullible citizens are a demagogue’s dream... almost every 


political issue has a quantitative aspect”. 


The scenario in the 21st century: a shift 

The unprecedented pace with which living, working and 
communicating has been transformed in the 21st century, it has 
created new demands on every aspect of life. The role of skilled 
and unskilled workers has changed drastically due to technology 
and the unskilled workers are not only replaced by technology 
but placed a demand on them for new set of skills. (Wedege, 
2002). Levy and Murane(2012) in an extensive research 
work on change on occupational distribution and nature of 
work from 1960-2009, found a decline in routine skills while 
increase in demand for complex communication and expert 
thinking skills. The skills required in age of digitalization 
wherein computers augment human ability are the point of 
discussion in all arenas. The skills that were adequate in 
the industriasl age are not found adequate in the information 


age- the 21st century. A review of projects regarding 21st 
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century skills by Voogt and Pareja (2010) found: critical 
thinking and problem solving, collaboration across networks, 
agility and adaptability, initiative and entrepreneurialism, 
effective communication, accessing and analyzing information, 
and curiosity and imagination to be common among all. 
These are being sought after by educators,employers,policy 
makers.(Wagner, 2014). Many others add Information and 
Communication Technology literacy Besides workplaces being 
automated, the workers have to cater to the needs of the 
customers and hence be able to communicate with colleagues, 
employers and understand the processes involved. This 
resonates with the research which found the need for people to 
understand the mathematics that machines do in technology- 
rich workplaces (Kent et al., 2007; Gainsburg, 2007).The 
advancement of technology has reduced need to compute in 
the workplaces and relegated mathematics to a black box 
thereby making workers recognize mathematics as,invisible 
in their jobs (Williams & Wake, 2007a). The globalization 
of the workplace now makes it possible for businesses to 
customize products for clients all over the world and brings 
a shift from archetypal creation of products (on size fits for 
all) to customizing products with the use of mathematical 
reasoning and critical thinking. This places new emphasis 
on mathematical abilities in workers in technology laden 
environment. Though complex mathematics is relegated in 
technologica] black boxes, it is becoming imperative for the 
employees to communicate black box mathematics with co- 
workers and employers and interpret the output of technology 
(Kent, Noss, Guile, Hoyles & Bakker, 2007; Gainsburg, 2007 
;Williams & Wake, 2007b). In the wake of the tremendous need 
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for communicating the technological black box mathematics, 
communication and critical thinking has become, the most 
sought after skills for employability (Hoyles, Wolf, Kent & 
Molyneux-Hodgson, 2002). That explains why communication 
skills and critical thinking skills are identified as, the 21st 
century skills. With the rapid technological advancements, 
the need of routine mathematical abilities and skills has given 
way to critical thinking skills to interpret the working of 
the digital tools involved in every aspect of living. The 
technological advancement of the 21st century has created a 
‘shift’? from traditional ritualistic computational mathematics 
to conceptual mathematical involving communication,critical 


thinking and creativity. 


Technological advancements: implications on 


mathematical curriculum 


The need for mathematical understanding has become vital in 
ones personal,social and work lives. One may want to interpret 
the test reports, insurance policy, financial investments, 
estimation,parking,sports,navigation or help a child struggling 
with math problems. In order to understand statistical data, 
present data,understand huge numbers, judge the government 
policies, to interpret environmental impact assessment or 
evaluate education programs. At work place to plan the 
allocation of personnel,time and money for various projects and 
tasks. This reiterates the statement by Paulos, about ‘gullible 
citizens’ wherein he points at the crucial role of mathematics 


in decision making. 


In PISA ( Program for International Student Assessment) 
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there are four contexts assessed: personal (self, family and 
peer groups), societal (one’s community), occupational (the 
general world of work) and scientific (application to science 
and related issues and topics). These indicate the equal 
emphasis given to all the four contexts, dispelling the notion 
that mathematics is useful only in the scientific context. The 
research findings of OECD and the Royal Society puts on center 
stage the immediate need to rebalance traditional mathematics 
(geometry, algebra and calculus) with new branches (statistics 
and probabilities, applied maths and discrete maths) highly 


essential for a wide swath of occupations. 


In the lay man’s view mathematics is a rigid discipline consists 
of formulas,theorems,equations but beyond this, mathematics 
is growing rapidly and is being used in new fields based on 


open-ended search for pattern. 


The role of mathematics is growing with the advancement 
of technology and automation and simultaneously more 
of mathematics is being done by machines. In this 
scenario, wherein everything is digitized into ones and zeroes: 
text,sound,images,videos, allowing for miniaturization and 
cheaper versions of technology, the future looks exponentially 
changing. On one hand mathematics is being done by machines 
increasingly and technology becoming cheaper, the kind of 
mathematical skills essential in the near future is vital. What 
type of mathematics education is most appropriate in the 21st 


century for personal, social and work life? 


The distinct feature of 21st century is the need for basic 
math,science and technology skills not only in science —oriented 


careers and fields but in all careers these skills form the basis, 
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due to automation and digitalization. Technology consists of 
processes, equipments, products and systems put together to 
make the interaction with the environment more efficient both 


for individual and organizations. 


Jarvis et al.( 2015) suggested to incorporate computational 
and conceptual mathematics along with information and 
technology literacy for baccalaureate nursing programs, which 
are becomimg inevitable due to digitalization and automation 
of medical field. Gravemeijer, Stephan, Julie, Lin, and Ohtani 
(2017) opine that it is time now to employ the idea of Zalman 
Usiskin who argued about deleting manual factoring from 
curriculum since trinomial factoring can be cdone by computer 


algebra systems on handheld calculators. 


The transformation indispensable in the, technology 
and digitalization dominated world is, introducing digital 
technologies in the classroom to change the way mathematics 
is taught, in order to instill the 21st century skills of critical 
thinking,communication,collaboration,creativity. 

Digital technologies have changed the way mathematics is 
learnt and has many options for the learners,engaging them 
in very interesting technology based . The aim of mathematics 
education should not be only computation, drill based problem 
solving and application of formulas rather inculcate 21st 


century skills. 


Mathematics in workplace 

Decades before the advent of digitalization, researchers found 
the distinct difference between the way people engage in 
mathematics in different settings and school mathematics 
(Lave, 1988; Nunes, Schliemann & Carraher, 1993; Saxe, 1988). 
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Even after the influx of technology and digitalization, the 
gap between workplace and school mathematics continues as 
revealed by the current research (FitzSimons, 2013; Wedege, 
2002). Researches have been done on mathematics of adults 
and workers in different cultures including, carpenters (Millroy, 
1991), pool builders (Zevenbergen, 1997), masons (Moreira & 
Pardal, 2012), builders (Bessot, 1996), nurses (Hoyles, Noss & 
Pozzi, 2001). These studies revealed that, the mathematics 
taught in school settings is not the mathematics used by 
workers in their workplace(Marr & Hagston, 2007; Mills, 
2012; Wedege, 2002). Reaserch findings by Hoyles, Noss, 
Kent & Bakker, 2013; Perlstein, Callison, White, Barnes & 
Edwards, 1979,found very interesting fact about nurses using 
more efficient, informal strategies to determine appropriate 
ratios for administering medicine to patients rather than using 
conventional proportional strategies. Another study showed 
that though majority of the nurses didn’t succeed on school- 
based proportion tests, but they were 100% accurate when 
administering medicines in correct ratios using personally 
created strategies. Workers use mathematical tools,strategies 
at the workplace shaped by the problems and settings at the 
workplace, to satisfy the distinct objectives of the customers, for 
profit making, in contrast, school mathematics uses tools to 
pass exam (Magajna & Monaghan, 2003; Jurdak & Shahin, 
2001; Wake and Williams (2001). Problem solving practices at 
workplace and in school, are of different genres and workers face 
problems with multiple.correct solutions. They have to choose 
the most viable pathway, to work within the constraints of the 
workplace (Brady, Eames & Lesh, 2015). Meanwhile problems 


in the school are presented by the teacher whereas, problems in 
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the workplace are created and solved by the workers. Tosmur- 
Bayazit & Ubuz (2013) suggested mathematics teaching should 
not only be about solving equations correctly but about 
representing the key features of a real phenomenon. 

Maths curriculum : the lacunae 

In his book The Saber-Tooth Curriculum, in 1939,Pediwell.J.A, 
discusses about a Paleolithic curriculum,which is “entrenched 
and ritualistic” and not reflecting the changes in the current 
world. This seems to be true in the present times,too. 
The author draws the attention to curriculum which contains 
‘grabbing the fish by bare hands’ when catching fish with 
nets is already established. The 21st century needs citizenry 
with critical thinking and creativity more than computation. 
Pediwell’s observation about the curriculum holds true in the 
21st century, when digitalization of mathematics activites are 
rampant, school curriculum and instructions remain stoic, 


computation and formula based. 


Lovasz (2008) discusses about the rapid changes in different 
mathematical activity (research, applications, education, 
exposition) and poses the question whether these changes 
have influenced the curriculum and teaching of mathematics. 
He draws attention to ‘many new forms of mathematical 
activity are gaining significance: algorithms and programming, 
modeling, conjecturing, expository writing and lecturing. 
Which of these non-traditional mathematical activities could 
and should be taught to students?’. Yet another pertinent 
question he puts forth is about which of the new areas 
of mathematics to be included and which should be left 
out and how to find time for learning concepts when time 


for mathematics is being reduced in certain places. The 
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2012 results of the OECD Programme for International 
Student Assessment (PISA) show that many countries still 
have room for improvement and too many students still 
perceive mathematics as an educational stumbling block. The 
pertinent question posed by Zemira Mevarech and Bracha 
Kramarski in a new OECD report entitled Critical Maths for 
Innovative Societies, how learning outcomes in mathematics 
can improve, when traditionally tested and expect to develop 
other skills like reasoning, understanding, posing problems, self- 
confidence and communication skills. The territory of explored 
by mathematicians has expanded and the boundaries have 
disappeared. Its applications have gone far beyond physics 
and engineering into banking, manufacturing, social science and 
medicine. Mathematics is not just numbers and shapes but 
patterns and order of sorts. Mathematicians seek for patterns 
wherever they arise. Use of computers in mathematics and the 
new applications and theories of mathematics has stretched 
its applications in business, communication and networking. 
The digital natives who think in terms of technology and 
work with it in their daily life, need not only different 
method of instruction but also require different mathematics. 
The centuries old mathematics, the routine teaching, the 
computation formula based assessment will not entice the 
digital natives to learn mathematics. The role of mathematics 
pervasive and invisible which brings us to the paradox that 
we do not see mathematics but it is used. Basically all the 
mathematics taught in primary,secondary and tertiary levels 
are now done by computers in the world outside the school. 
Conrad Wolfram (2014) puts it, “In the real world we use 


computers for calculating, almost universally. In education we 
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use people for calculating, almost universally” (p. 1). 


The 21st century skills are dominating every discussion about 
future education but very less attention is given to the content 


and method of instruction. 


Analyzing mathematics education reform in the Netherlands, 
Gravemeijer, Bruin-Muurling, Kraemer and van Stiphout 
(2016) point to an inadequate translation of intentions into 
curriculum goals and the inclination of teachers and textbooks 
authors “to think of instruction in terms of individual tasks 
that have to be mastered by the students” (p. 26), a 
phenomenon they call task propensity. The gap between school 
mathematics and workplace still prevail, though the demands 
at workplace have changed and researches have repeatedly 
shown the gap (FitzSimons, 2013; Wedege, 2002).Mathematics 
continues to be presented as abstract, decontextualised 
problems, in spite of appeals and recommendations from 
several reports, research and mathematical organizations. 
Workplace mathematics research indicates, that mathematics 
is not typically done outside of a context comprised of goals 
and purposes. For example, rarely can isolated incidences 
of decimal operations be found at the workplace (Wake 
& Williams, 2001). The contexts used in mathematics 
instructions are contrived situations rather than realistic and 
rich sites for mathematizations. The goals of mathematics 
education has been always, to prepare students for future 
society which entails the need to take into consideration, not 
only the changes in the workplace, in mathematics education. 
Machines will do all mathematical calculations in near future 


which brings us to the question, “What mathematics do 
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we teach when computers do all mathematics?” (Wolfram, 
2010). The mathematics education has to address the constant 
technological advancements, rendering mathematics education 
obsolete because all mathematical computations are being 
gradually done by machines. (Usiskin, 1980, 2007) points 
out at ‘phony traditional word problems” inspite of researches 
repeatedly suggesting real life situations and modeling for 
mathematics education. He argues that proofs are fundamental 
to understanding how all mathematics works, not just in 
geometry, so we should leave some proving in the curriculum. 
However, he notes that there are multiple dynamic geometry 
tools that allow a different type of mathematical exploration 
and proof that should be integrated into instruction(Usiskin, 
2007). Wolfram (2010) tries analyze what is involved in doing 
mathematics in the real world. He argues that this involves the 


following steps: 


e Recognizing where mathematics is applicable 


e Translating practical problems into mathematical 


problems 
e Solving the mathematical problem 


e Interpreting and evaluating the outcomes 


The only step addressed systematically by mathematics 
education, is the third step and this is exactly the step that is 
increasingly being carried out by computers. The shift towards 
the other three steps will make, mathematics education relevant 


in the 21st century. As more mathematical calculations are 
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done by computers, understanding the mathematics hidden in 


the black box becomes more pertinent in the present age. 


Changes proposed for Mathematics education 


Curriculum-teaching-assessment are the three major deciding 
factors of any education and also true for mathematics 
education. One of the crucial areas in mathematics education 
where change is most necessary is, curriculum. While the 
sequence of arithmetic- algebra- geometry- trigonometry - 
calculus works well with STEM related careers, the 21st century 
workforce demands new quantitative skills and reasoning in 
several careers other than STEM careers. Pilgrim and Dick 
(2018) opine alternative pathways of mathematics curriculum 
for those who would pursue careers which are not STEM 
careers, yet dealing with large amounts of data ,use of 
computers and mathematical modeling. They have identified 
traditional sequence in the mathematics curriculum ,to be the 
main factor for drop out. It may even hamper acquiring 
of skill sets essential for other careers. The reSolve:Maths 
by Inquiry, is a national program in Australia, designed to 
promote relevant,rigorous and engaging mathematics. Such 
elaborate bold steps are essential to bring about changes 
in mathematics education for the 21st century and equip 
the future citizens with skill sets for different jobs. It 
makes them employable and innovative. Pilgrim and Dick 
(2018) cite the example of alternative pathway wherein courses 
involving spreadsheets,have developed statistical software 
packages ,which helps students interested in business and 


economics. The Carnegie Foundation for the Advancement of 
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Teaching has created Quantway and Statway , which is another 


example of alternative mathematics curriculum. 


The main bone of contention is not whether to teach 
fundamentals in mathematics education,it is rather which 
fundamentals to retain and how to teach them. The topics 
to be included in the mathematics curriculum undergo change 
vis-a-vis changes in technology,demands at workplace,new 
developments in mathematics. Effective mathematics curricula 
should satisfy the mathematical needs of future work place and 
daily life. We must look to patterns in the mathematics of 
today to project, as best we can, just what is and what is not 


truly fundamental. 


We have to shift away from teaching competencies that 
compete with what computers can do and start focusing on 
competencies that complement computer capabilities. This has 
been reiterated by research studies. The new mathematics 
curricula must cater to the needs of tomorrow. The changes 
in technologies and the mathematical skills essential for 
future must be considered when planning new mathematics 
curriculum. Mathematics being indispensible in every aspect 
of life-personal, social, work, in the 21st century, the 
mathematics education curriculum needs careful planning. 
Incorporating workplace mathematics to prepare students for 
future work environment,include mathematical competencies 
that complement work of computers, identify mathematical 
content of significance. The basis for global arithmetic lays in 
flexible reasoning with number relations, working with zeros 
and arithmetical properties (Gravemeijer, 2015). Students 


should develop confidence in number relations that are familiar 
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to them such as commutative, associative, and distributive 
property, which is the foundation for algebra. Digitalization 
raises the need for skills to complement what computers a 
can do and influences the choice of relevant mathematics for 
the current society. Statistical data constitutes large part of 
the current information and huge amounts of such data is 
accessible digitally, making it essential for basic understanding 
of statistical processing and analyses, which has been called 
statistical literacy (Gal, 2002). In order to use the software, 


one needs to know the interconnected mathematical relations. 


Dealing with digitalization comprises of reality translated into 
numerical quantities which entails deeper understanding of 
process of quantifying reality and which implies reduction 
of information,which may render meaningless information. 
Quantifying reality requires broad understanding of measuring, 
notions of uncertainity,measurement error,data creation and 
sampling. Computer tools are of prime importance when 
it comes to computerization and digaitalization of every 
equipment, which involves spreadsheets,calculators CAS( 
computer algebra systems), graphing tools. Students should 
develop these skill sets to work with such tools to be successful 
in workplaces and personal life. In order to use CAS one 
needs know instrumentation scheme,mathematical objects and 
strategies, which indicates interconnectedness in the learning 
of mathematics while using computer tools ( Drijvers & van 
Herwaarden, 2000). Computerization and digitalization of all 
apparatuses at work and personal life places heavy demand 
on knowledge of mathematics in diverse situations,numeracy 
and quantitative literacy(Gal, Groenestijn, M van, Manly, 
Schmitt & Tout, 2003) Mathematics in the real world asks for 
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recognizing, interpreting, and creating patterns, functions, and 
relationships, while using tools such as tables, graphs, symbols, 
and words, functions, and relationships between variables 
are considered essential for understanding (basic) economic, 


political, and social analyses. 


Some of suggestions for mathematics education for the 21st 


century would include: 


e Adopting 21st century skills as goals for mathematics 


education for the future 


e Preparing students for workplace mathematics and 


including authentic workplace problems 


e Focus on mathematical competencies that complement 


the work of computers 


e Prepare students for a variety of levels and types of work 


by providing proper foundations. 


e Develop self-confidence and self-reliance to deal with 
mathematics in everyday life (Gravemeijer, Stephan, 
Julie, Lin, and Ohtani (2017) Vale,C.( 2018) proposes 


ideas pertaining to 21st century as follows: 


e Encourage students to figure out the answers, rather than 


telling them. 


e Provide mathematical reasoning tasks and encourage 


students to analyse and identify patterns. 


e Allow students to collaborate and communicate in group 
tasks and express thinking in different ways — drawings, 


talking, gesturing, using mathematical symbols. 
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e Make creative and critical thinking a part of the 


curriculum to equip students for a swath of occupations. 


Mevarech and Kramarski ( 2014) developed a_ teaching 
method called IMPROVE, which asks four types of questions: 
comprehension; connection; strategic; reflection. These met 
cognitive strategies inculcate co-operative learning, reasoning, 
communication, critical thinking, which are the essential skills 
of 21st century. They also develop abilities to use mathematical 
language, relate their interests to their learning and involve in 


conflict resolution. 


Singapore is consistently one of the top performers in both 
PISA (Programme for International Student Assessment) 
and TIMSS(Trends in International Mathematics and Science 
Study) tests, which can be credited to the metacognitive 


strategies as adimension of mathematics curriculum. (TIMSS). 


Traditional school mathematics has arithmetic, measurement, 
algebra, and a smattering of geometry represent the 
fundamentals of mathematics. But there is much more to 
the root system of mathematics—deep ideas that nourish the 
growing branches of mathematics. One can think of specific 
mathematical structures, attributes, actions, abstractions, 
attitudes, behaviours and _ dichotomies. These diverse 
perspectives illustrate the complexity of structures that support 
mathematics and each perspective has the power to develop 
a significant mathematical idea from informal intuitions of 
early childhood all the way through school and college and on 
into scientific or mathematical research. We need to design 
mathematics curricula which gives greater vertical continuity, 


to connect the roots of mathematics with the branches of 
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mathematics and assist students to charter their future. It 
should attract the different interests ,talents among students, 
stimulate imagination nurture creative ideas and promote 
exploration. This will help in developing diverse mathematical 
insights. Understanding the patterns of every kind- patterns 
in nature or man made patterns, is the prime objective of 
mathematics. Exposing students to a rich and wide variety 
of patterns appropriate to their lives helps them to see 
variety,regularity and interconnections. It is not significant 
which strand of mathematics one explores but to identify the 
variety of examples and see the patterns. These explorations 
of patterns have proved to be powerful and go a long way to 


offer them broad shoulders they can see farther than us. 


Children learn many fundamentals of mathematics informally 
from activities they engage in long before they are introduced 
to algebraic formulas. § Early childhood experiences of 
identifying patterns such as volume, similarity, size, s/hapes 
and randomness, lay a strong foundation for future formal 
and precise logical mathematics and scientific research. The 
child gets the ‘Aha’ experience years later, when the 
informal mathematical experience relates to the formal precise 
mathematics in the class and would say with honest pleasure 


“Now I see why that’s true.” 


Math Learning in the Constructivist 
Paradigm ° 


Dr J Lidson Raj 


Introduction 

The basic characteristic of Mathematics is the analysis and 
interpretation of the world through numbers. It is the 
study of patterns abstracted from the world around us. 
How do human beings learn? Psychologists have developed 
different perspectives to give a comprehensive answer to this 
question. Piaget postulated that there are mental structures 
that determine how new information is perceived. Bruner 
upholds that learning is an active process in which learners 
construct new ideas and concepts based on their current or 
prior knowledge. Vygotsky believes that children’s learning and 
development can be best understood in terms of the acquisition 
of their culture, which he calls social constructivism. Learning 
theory determines the classroom pedagogy. The abstractness 
in mathematics is always a constraint to the hassle free learning 


process. 


Number sense is innate 

In 1980, Prentice Starkey, conducted an experiment on 72 new 
born babies (16 to 30 weeks) at the University of Pennsylvania. 
He projected slides on a screen containing two or three large 
black dots spread out horizontally. He varied the spacing 
between dots so that only the number of dots is constant. 
He found that average fixation time for a two dot slide is 
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1.9 seconds and for a three dot slide is 2.5 seconds. Similar 
experiment with colored photographs of common objects were 
done by Strauss and Curtis in 1981 at University of Pittsburgh 
and found that babies identified the difference of two and three 
objects. Similar experiments were conducted and concluded 
that in the first few months of life, babies notice the constancy 
of objects and detect differences in their numerical quantities. 
It leads to the conclusion that ‘we are born with a built-in 
number sense’. Even animals have this sense. Some birds 
repeat a particular note in their song, members of the same 
species repeat a particular note with same repetitions etc. are 


examples. Chimpanzees can even do simple arithmetic. 


Language affects counting 

Chinese are better in mathematics. One of the reason for 
that is that Chinese numbers are very brief. Most of them 
can be recited in less than one-fourth of a second. When 
we are trying to remember a list of numbers by saying them 
aloud, we are using a verbal memory loop, a part of temporary 
memory in which information can store in about two seconds. 
This forces you to repeat the words to refresh them in the 
loop. Thus memory span is limited to how many words you 
can say in that 2 second span. Here is the role of language 
in counting. It is better to remember 32486 as ‘three-two- 
four-eight-six’ (5 syllables) than ‘thirty two thousand four 
hundred and eighty six’ (12 syllables). Thus language has 
an influence in mathematics. Because of language differences, 
Asian children learn to count earlier and higher than their 


western counterparts. 


Number symbols 
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Brain process Numerical symbols and number words in different 
locations. Number symbols are hardwired in our intuitive 
number module in the left parietal lobe whereas language 
vocabulary is stored in Broca’s area located in the left frontal 
lobe. Our number system is a language, a special one that is 


handled in a different region of the brain from normal language. 


Multiple intelligence 

In the Multiple Intelligence theory, Howard Gardner 
sought to broaden the scope of human potential, the 
broad range of abilities that humans possess and grouped 
these capabilities into eight comprehensive categories or 
“intelligences”. Linguistic Intelligence (The capacity to use 
words effectively, whether orally or in writing), Logical- 
Mathematical Intelligence (The capacity to use numbers 
effectively and to reason well), Spatial Intelligence (The ability 
to perceive the visual-spatial world accurately and to perform 
transformations upon those perceptions), Bodily-Kinesthetic 
Intelligence (Expertise in using one’s whole body to express 
ideas and feelings and facility in using one’s hands to produce 
or transform things), Musical Intelligence (The capacity to 
perceive, discriminate, transform, and express musical forms), 
Interpersonal Intelligence (The ability to perceive and make 
distinctions in the moods, intentions, motivations, and feelings 
of other people), Intrapersonal Intelligence (Self-knowledge and 
the ability to act adaptively on the basis of that knowledge) 
and Naturalist Intelligence (Incorporate living things, natural 
phenomena, or ecological awareness). Beyond the description 
of these eight intelligences, it should be borne in mind that 
no intelligence exists by itself in life. Intelligences are always 


interacting with each other. They function together in ways, 
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unique to each person. It holds that a person’s learning style 
is the intelligences (one or more) put to work. As such it 
offers educators broad opportunities to adapt its fundamental 
principles to educational settings and instructional practices 
so that children’ should develop all the eight intelligences 
through the schooling. A mathematics teacher also has a 
part to perform here. The Table 1 shows how math learning 
can be organized to develop all intelligences. Now it is the 
responsibility of the mathematics teacher to cultivate all types 
of intelligence in the child. 

Construction of Knowledge 

Today, the theory of constructivism is of the view that 
children have to construct their own knowledge, individually 
and collectively. A central theme of the constructivist 
approach is the acceptance of the fact that the reality of an 
individual is different from that of another and that individuals 
‘construct’ their own mental representation of situations, 
events and conceptual structures. Children already have such 
representations when they begin schooling and recognition of 
this fact is paramount in the constructivist perspective of what 
should take place in the classroom. The ‘knowledge’ for a 
child is what he has experienced, stored and made by his own. 
In the words of Vygotsky “just as you cannot learn how to 
swim by standing at the seashore. To learn how to swim you 
have to, out of necessity, plunge right in to the water even 
though you still don’t know how to swim, so the only way to 
learn something, say, how to acquire knowledge, is by doing so, 
in other words, by acquiring knowledge”. In a constructivist 
classroom the following can be seen. Student autonomy 


and initiative are accepted and encouraged: By respecting 
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TABLE 1 


Intelligence | Math Activity | Problem solving 
(General) 


Linguistic Read math problems | Write 
involving inventions | stories as context for 
| word problems/write 
about problem 
solving 
Logical- Gather, record and 
Mathematical a math formula that | use numerical data 
served as the basis of | to solve 
invention problems, calculate 
to solve problems 

Sketch the geometry | Use drawings and 
involved in specific | diagrams as 
inventions problem-solving 

strategies/Explain a 
drawn solution 
Bodily- Create an invention | Use dramatization as 
Kinesthetic | to measure a specific | a strategy for 
physical activity problem solving 


Musical Study the | Translate problem- 
math involved in the | solving strategies to 
invention of musical | a musical tune to 
instruments help recall strategies 


Be in a study group | Solve 
that looks 
at the mathematics 
involved in specific 
inventions excursion 
Create your own | Set goals for growth 
word problems based | in problem solving 
on inventions / Monitor problem 
solving process 


problems 
through cooperative 
learning /lead 

a problem solving 


Inter 
personal 


Intra- 
personal 


Naturalist Investigate 
inventions used _ to | how the solution can 
measure positions of | be applied-in nature 


natural phenomena 
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students’ ideas and encouraging independent thinking, teachers 
help students attain their own intellectual identity. Students 
who frame questions and answer them by anlysing it, take 
responsibility for their own learning and become problem 
solvers. ‘The teacher asks open-ended questions and allows 
time for responses: Reflective thought takes time and is 
often built on others’ ideas and comments. ‘The way in 
which teachers ask questions and students’ response towards 
it will structure the success of student inquiry. Higher level 
thinking is encouraged: The constructivist teacher challenges 
students to reach beyond the simple factual response. He 
encourages students to connect and summarize concepts by 
analyzing, predicting, justifying, and defending their ideas. 
Students are engaged in dialogue with the teacher and with 
each other: Social discourse helps students change or reinforce 
their ideas. If they have the chance to present what they 
think and listen to others’ ideas, students can build a personal 
knowledge base. Only when students feel comfortable enough 
to express their ideas will meaningful classroom dialogue 
occur. Students are engaged in experiences that challenge 
hypotheses and encourage discussion: When allowed to make 
predictions, students often generate varying hypotheses about 
natural phenomena. The constructivist teacher provides ample 
opportunities for students to test their hypotheses, especially 
through group discussion of concrete experiences. The class 
uses raw data, primary sources, manipulatives, physical, and 
interactive materials: The constructivist approach involves 
students in real-world possibilities, and then helps them 
generate the abstractions that bind phenomena together. 


How does a child develop an abstract idea? 
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Piaget put forward the theory saying that a child could 
understand abstract ideas only after the age of 12 years. 
But later Bruner challenged Piaget’s tenet that learning 
is completely subordinate to biological development. He 
emphasized that abstraction comes as mental images. 
Formation of mental images is important than biological 
development. He says abstraction comes in three modes of 
representation — Enactive (Action based), Iconic (image based) 
and Symbolic (language based). Pamela Liebeck sequenced 
the abstraction process as E-experience with physical objects, 
L-spoken language that describes that experience, P-pictures 
that represent the experience, and S-written symbols that 
generalize the experience. This is actually an extension of 
Bruner’s representation modes of abstraction. The enactive 
mode corresponds to E (physical experience), iconic mode to 
the stage P (pictures) and the symbolic mode to the stages 
L&S (spoken language and written symbols). Classroom 
Application Mathematics is built on certain postulates, axioms 
and concepts which are interrelated in such a way that building 
up of larger concepts are impossible without the knowledge 
of fundamental concepts, facts, relations and principles. It 
is generally accepted that in the teaching-learning process 
of mathematics more emphasis should be given on the 
understanding of basic principles and concepts, than on the 
mechanical learning of mathematical computations. Different 
theories of learning give a light on how this meaningful learning 
can be reached. However the responsibility of a Mathematics 
teacher is to channel students’ innate capacity to create 
abstract images. Classroom activities are to be modified in such 


a way that it should keep the sequence E-L-P-S and stimulate 
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various intelligences. Some examples are given below: 


TABLE 2 
Concept Modes of | Multiple intelligence 
representation 
Number (E) Direct | Express arguments 


counting of Objects 
(Pen, Books, persons, 
etc.) 

(L) Tells five pen, five 
books, five people, 
etc. 

(P) Identifies 
5 objects from its 
pictures 

(S) Introduce the 
symbol 5 


concept 
(say 5) 


Group game 


Dramatization 


Finding objects 
from nature 
Drawing pictures 
Rhymes 
Express arguments 


(E) Direct 
Measurement of 
Angles of a triangle/ 
making cut outs of 
angles of a triangle 
(L) Verbal 
expression- 

Sum of the angles of a 
triangle is 180 degrees 
(P) Find from 
triangular figures 
that angle sum is 180 
degrees 

(S)In a 
triangle ABC, ZA + 
£B+ ZC = 180° 


Concept of 
Sum of the 
Angles of a 
Triangle is 
180° 


Group game 


Dramatization 


Finding objects 
from nature 


Drawing pictures 
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Conclusion 

Every child has an innate mathematical ability and the 
responsibility of teacher is to channel his capacity to create 
abstract images. If we are not providing the situation for 
creating the knowledge in a scientific way, this abstraction may 
not be ensured. However, the abstract symbols and expressions 
should come only after direct concrete experience. Classrooms 
have to be changed in order to promote student expressions and 
emphasis should be given to individual thought process rather 


than focusing on mundane classroom activities. 
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In Mathematics, we use a number of interesting and innovative 
strategies while proving theorems and solving problems. Of 


them, the following are the strategies, I liked most. 


1. Give and take policy 
2. Exhibiting / Exposing two faces 
3. Putting in the right place 


4. Replacement Strategy 


1) Give and take policy: 


For the life to be smooth, we must adopt give and take policy. 
By this, we usually mean, to get something — we must give 
something — in the same form or different form. We give money 
or a commodity or some service and get the commodities we 
want or services we require. We give to give respect to get 


respect. 
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We use give and take policy in solving problems and proving 
theorems also. We give something and take the same thing! We 
give something with our right hand and take the same thing 
with our left hand, once the problem is solved! 


There is a popular story in the name of Tenali Raman in the 
south and Birbal in the north, which you might all have heard 
of. There was a rich man counting his days. He had three 
sons and huge wealth. He wrote a will on how to distribute his 
properties and passed away on one fine morning. They found 
no problem in sharing his wealth other than the elephants, he 
owned. We don’t know, how many elephants, he had when he 
wrote the will. At the time of his death, there were 17 elephants 
and they were to be divided among the sons as follows: first son 
1/2, second son 1/3 and third son 1/9 of the elephants. They 
agreed to divide as per the instructions, but didn’t know how 


to execute it — without killing and cutting the elephants! 


Our hero(es) Tenali Raman / Birbal enters in this scene, only 
to solve the problem in an amicable way without killing and 
cutting the elephants by using the ‘Give and take policy’. 
He ordered to bring the royal elephant. Now the number of 
elephants available was 18. None of the three sons crumbled, 
because instead of getting their share out of 17 elephants, they 
are going to get their share out of 18 elephants! Our hero gave 
one half 18/2 = 9 to the first son, one third 18/3 = 6 to the 
second son and one ninth 18/9 = 2 to the third son. Thus, he 
gave away 17 elephants and the royal elephant was taken back! 
Everyone was happy! 


Now, how does this work and when will this work? If 
T = [d;,do,..-,dn], the l.c.m. of dy, d2,...,dy then T = 
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T a a forse + ga | can be distributed to n persons in the 
ratio of re re ve i by giving and taking T'— T, objects if 
7; < T. This is not just a story of Arithmetic. This is a 
strategy to prove abstract theorems in subjects like Analysis 


and Graph Theory etc. 


Analysis: 

Theorem: A closed subspace of a compact space is compact. 
Proof: Let T be acompact space. Let C’ be a closed subspace 
of 7’. Let U be an open cover of C’. Since C’ is closed, it 
follows by definition of closed set that T\C is open in T'. So if 
we add T\C to U wesee that UUT\C is also an open cover 
of JT’. As T is compact, there is a finite subcover of UUT\C, 
say V = {U;,U2,...,U;,}. 


This covers C' by the fact that it covers 7. If T\C' is an 
element of V , then it can be removed from V and the rest of 
V_ still covers C’. Thus we have a finite subcover of U which 


covers C', and hence C is compact. 


Here T\C is the royal elephant. It was given and taken back, 


once the job was finished! 


Graph Theory: 

Theorem: If G is a simple graph with p > 3 and 6 > p/2 
then G is Hamiltonian. | 
Proof by contradiction. Suppose that the theorem is false, 
and let G be a maximal Non-Hamiltonian simple graph with 
p > 3. Since p > 3, G cannot be complete. Let u 
and uv be nonadjacent vertices in G. By the choice of G, 
G-+uv is hamiltonian. Moreover, since G is Non-Hamiltonian, 


each Hamilton cycle of G+ uv must contain the edge uv. 
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Thus there is a Hamilton path v)v2...vp in G with origin 
u = vy and terminus v = vp. Set S = {u;/uvj4i1} and 
T = {uj :1<p,ujv € EF} where FE is the edge set of G. Since 
vp is not in SUT’, we have |SUT| <p. Also, |SNT|=0, 
since if SMT contained some vertex v;, then G would 
have the Hamilton cycle vj v2... ujvpUp_1,--- Vi-.1U1 , Contrary 
to assumption. Hence we obtain d(u) + d(v) = |S|+|7| = 


|ISUT|+|SAT| <p. But this contradicts the hypothesis that 
6 > p/2. Thus G is Hamiltonian. Here, the edge uv is the 
royal elephant. It was given and taken back, once the job was 
finished! 


2) Exhibiting / Exposing two faces: 

There is a popular Tamil film song. 
@UGUMM unpgssrev AlGlencvulesr eniofeb) 
LOOM uTTSsrev ares! wnseil 
(INS Ww untssrev pleaser oHaAnrafl 
(NApaUsi uTGFSSTev JQeuQenngG mural 
HUGE mujer... 


In English it will be as follows. 


From one side she looks like Maithili of Mithila 
From the other side she looks like Madhavi of Kaveri 
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Look at her face alone, it is a replica of Moon 


Look at her entire figure, She is Bairavi! 


Looking from two sides will supplement and (or) complement 
the details of an entity, in general. Sometimes, it may expose 
the hidden contradictions. We can cite a number of contexts 
to explain this. I stop with one example from Linear Algebra 


and one from Number Theory. 
Linear Algebra: 


Theorem: If a vector space V is the direct sum of two 
subspaces A and B then every element of V can be uniquely 


expressed as the sum of an element of A and an element of B. 


Proof: Suppose v € V can be expressed as the sum of an 
element of A and an element of B in two different ways, a;+)1 
and aj+ bo => a, +b; = ag+ be => a) — a2 = 02 —b; . If we look 
at the left hand side, it is an element of A. If you look at the 
right hand side, it is an element of B. Hence it is an element 
of ANB. Hence a, — ag = bo — db; = 0; a, = a2, 5; = b2. The 


expression is unique. 
Number Theory: 


Division Algorithm: Let a be any integer and 0 be a positive 
integer. Then there exist unique integers g and r such that 
a=bq+r. 


Proof for uniqueness: Suppose a = qi}b+7r, and a= qb+ 12 
where q1,71,92,;T2 € Z and 0 < 7,7r2 < b. Subtracting, we 
get (qi: — g2)b = r2 — 11. Without loss of generality assume 
that gl >q@- a —g@>0>qm-q2>1>(m—gQ)b=>b. 


r1,7T2 <b=>1T2-—1, <b. The left hand side of (qi — q2)b = 
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Tr2 —T, is greater than or equal to 6 and the left hand side of 
the same is strictly less than b which is a contradiction. Hence 


gi = q2 and rj =1r2. The expression is unique. 
-3) Putting in the right place: 


Puzzle 1: Fill up the 9 cells with the nine numbers from 1 to 9 
in such a way that each number occurs exactly once and every 


row sum = every column sum = 13. 


Solution: You may try to fill up the cells by trial and error 
method. But, if we apply some strategies, we can fix the 
positions of few numbers exactly and then proceed smoothly. 
The sum of all the numbers entered is 1+2+...+9 = 45. 
There are 2 rows and 2 columns and hence the sum of the 
numbers in 2 rows and 2 columns is 4713 = 52. This sum is 
greater because we have counted some numbers twice. Clearly 
02—45 = 7 is the sum of the numbers in the 3 junctions of rows 


and columns. Three numbers whose sum is 7 are 1, 2, 4 only. 


| | td 


Hence these numbers must occupy the junctions. Moreover 1 
and 2 cannot occur in the same row or same column because to 
get the sum 13, we may require 10. Thus the middle position is 
reserved for 4. We cannot complete this task without putting 
4 in the middle and 1 and 2 on the other junctions. The rest 


of the positions can be filled smoothly. 
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Puzzle 2: Fill up the 8 cells in the following table using the 
numbers from 1 to 8 in such a way that each number occurs 
exactly once and no two successive numbers occur in any two 
neighbouring cells. Two cells are called neighbouring cells even 


if they have one vertex (corner point) in common. If we apply 


trial and error method, it will be time consuming, since the 
answer will be elusive. There is a very simple and hitting the 
nail on the head strategy. The two middle cells are the most 
troublesome cells and the two numbers 1 and 8 are the least 
troublesome numbers. Put them there. Then put 2 and 7 in 
their unique positions. The rest of the positions can be filled 


smoothly. 
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4) Replacement Strategy: 


There are two containers. One contains some sufficient quantity 
of pure milk. The other contains some sufficient quantity of 
pure water. One spoon of pure milk is taken from the milk 
container and added to the water in the water container first. 
The mixture in the water container is stirred well. Next, one 
spoon of this mixture is taken and mixed with the pure milk. 
Now, the milk container contains some water and the water 
container contains some milk. The question is, which will 
be more — the quantity of milk in the water container or the 


quantity of water in the milk container? 


Solution: It may appear that the quantity of milk in the water 
container will be more, because one spoon of pure milk only is 
added first and one spoon with milk and water is transferred 
next. We can straight away find both the quantities. To our 


surprise, they will be equal. 


m spoons of milk | w spoons of water 
(say) (say) 


1 spoon contains 


Ww 
Ee | a . 
of water and =*, | of milk and [4 


spoons of milk spoons water 


Now we can consider a parallel situation and make a study. 
Some girls are in Room 1 and some boys are in Room 2. From 
Room 1, 5 girls are sent to Room 2 and 5 randomly chosen 
students (boys and girls) are sent to Room 1. Which will be 


greater — number of boys in Room 1 or number of girls in Room 


74 Mathematics Teacher 


2? If there are x boys in Room 1, they have come from Room 
2 only. Since the number of students in both the rooms will 
not change, these x boys must have been replaced by x girls 


in Room 2. 


Hence the number of boys in Room 1 = Number of girls in 
Room 2. Similarly, the quantity of water in the milk container 


= The quantity of milk in the water container. 


ASSOCIATION ACTIVITIES 


A Report of the on-line Group Meeting held on 3rd November 
2020, through Zoom App, commencing at 2.00 pm. 

The following members were participated in the meeting: 

01 Sri R. Athmaraman 

02 Prof. J. Panduragan 

03 Dr M Palanivasan 

04 Dr. Hemalatha Thyagarajan 

05 Dr. S. Muralidharan 

06 Sri S.R. Santhanam 

07 Sri Sadagopan Rajesh 

08 Shri P. Ramesh 

09 Sri V. Sundaramurthy 

10 Sri Palani Natarajan (Spl. Invitee) 

11 Sri Natarajan (Spl. Invitee) 

The meeting was presided over by Prof. J. Pandurangan, 


Executive Chairman. 


1. NMTC -2020 
Everyone agreed for having online mode of exam. We 
have selected one more website develop person (Maruthi 
Computers Pvt. Ltd., Chennai) for the online exam. Our 
website person and new website person will work together 


for our online examination. 


2. Wardha Workshop. 
Everyone agreed. The on-line meeting concluded with 


vote of thanks by the Secretary. 
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A Report of the on-line Group Meeting held on 9th November 
2020, through Zoom App, commencing at 3.00 pm. 


The meeting was attended by Sri R. Athmaraman, Dr.M. 
Palanivasan, Sri Palani Natarajan, Sri Maruthi Natarajan, Sri 
Balaji and Smt. Aruna. 

The General Secretary requested Sri Palani Natarajan to send 
the user ID and password for our AMTI website immediately. 
Sri Maruthi Natarajan accepted to finalize the application form 
and the payment gateway process. Sri R. Athmaraman told Sri 
Maruthi Natarajan to speed up the process and complete the 
entire process by last week of November 2020. The General 
Secretary requested Sri Maruthi Natarajan to reconsider and 
reduce the amount quoted by him per student. He said that 
he would send a revised quotation for the same. The meeting 
concluded with vote of thanks by General Secretary Dr. M. 


Palanivasan. 


Minutes of the GENERAL BODY meeting held on 29.12.2020 
via ZOOM at 5p.m. 


31 members were present. 


1. The meeting commenced with the prayer by Mr. 
S.R.Santhanam. Our president Prof. I.K.Rana preside 


over the meeting and welcome the gathering. 


2. Condolence resolutions were passed for our former office 
bearer Mr. P.V.Arunachalam from Tirupathi and our life 
member Mr. Gotkhindikar Dilip from Nasik. 
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3. Minutes of the last General body meeting was then read 
by General Secretary Dr. M.Palanivasan with compliance 
report or inability to take some steps. It’s was adopted 


unanimously. 


4. Audited account for the year 2019-20 was perused by the 
member. Sri. S.R.Santhanam raised some clarification 
about donation and it was cleared. The audited accounts 


were adopted unanimously. 


5. We have received some registrations for our summer 
workshop. Due to covid-19, we could not conduct 
the summer workshops. The amounts were refunded. 
Mathematics Teacher -55 Volume 1 & 2 and 3 & 4 were 
printed and dispatched. Mathematics Teacher -56 volume 
1 & 2 was ready but could not be printed because of Covid 
— 19. Junior Mathematician March 2020 and September 
2020 issues were ready but could not be printed. Both 
Mathematics teacher and Junior Mathematician will be 
printed and it will be dispatched to the members. e-copies 
will be sent to the requested members. Our patron Sri. 
R.Athmaraman suggested to send Junior Mathematician 
to all life members. We have conducted one popular 
lecture in December 2019.Some repair works were carried 


out in our project office. 


6. Due to Covid-19, this year NMTC — 52 will be conducted 
through online mode. We have made an agreement 
with M/S. Maruthi Computers Ltd Chennai. They will 
take care of First level exam and Second level will be 
conducted through paper, pen mode in their respective 
schools. 
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7. Due to Covid 19, our 55th Conference could not be 
conducted in December 2020.Our conference Secretary 
made some arrangements with Manipal University. The 
General Body members unanimously decided to postpone 
the 55th Conference. 


8. In any other matters, Dr. $.R. Santhanam proposed Mr. 
Lakshmi Narayanan as an Executive Committee Member 
and seconded by Mr. Bhas Bamre. It’s was approved 
by the General Body. Mrs. Vishakha Manoj Kabra 
requested to conduct the Summer Workshop through 
online and Our President also suggested to conducted 


monthly online workshop. 


9. Mr. P.Ramesh proposed vote of thanks. 


Sri M.R. Govinda Reddy 


The AMTI deeply mourns the demise of Sri M.R. Govinda 
Reddi, very elderly, affectionate, deeply interested in the field 
of school education passed away at the age of 90 on 19.09.2021. 
He was a school teacher and a Head Master of Government 
school in Rayalaseema area of Telangana State. 

He started an association called Nandyal Association of 
Mathematics Teachers and conducted around five National 
Conferences in around Nandyal. 

He developed a home library of hundreds of rare books and 
threw open to mathematics teachers, students and mathematics 
lovers. He was a regular visitor of all the conference of AMTI 
for the past 30 years. He attended very recent conference also at 
the age of 85. Deeply attached to the legendary mathematician 
Srinivasa Ramanujan, on every 22nd December he conducted 
a one day programme on Ramanujan and gave away prizes to 
school students. 

He published a beautiful book of Srinivasa Ramanujan in a 


Pictorial form (Most of them or photographs with very little 
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writing) He received the National Award in the year 1985 from 
the then President of India. He is blessed with two daughters 
and a son and both the daughters are teachers. 

The saddest moment is when the person who gave you the best 
memories becomes a memory. . 

AMTI places on record the excellent work done by this noble 
soul and passes deepest condolences to his family members and 


friends. 
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